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ABSTRACT

This dissertation developed the generalized multivariate moment generating
function for some random vectors/matrices and their probability distribution
functions with the intention to replace the traditional/conventional moment
generating functions due to its simplicity and versatility. The new function
was developed for the multivariate gamma family of distributions, the
multivariate normal and the dirrichlet distributions as a binomial expansion
of the expected value of an exponent of a random vector/matrix about an
arbitrarily chosen constant. The function was used to generate moments of
random variables and their probability distribution functions; it was applied
to data analysis and results obtained were compared with those from
existing traditional/conventional methods. It was observed that the function
generated same results as the traditional/conventional methods; in addition,
it generated both central and non-central moments in the same simple way
without requiring further tedious manipulations; it gave more information
about the distribution, for instance while the traditional method gives
skewness and kurtosis values of 0 and 3 respectively for p-variate

multivariate normal distribution, the new methods gives ((0))px1 and 37

respectively and; it could generate moments of integral and real powers of
random vectors/matrices.
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CHAPTER ONE

INTRODUCTION

1.1 BACKGROUND OF THE STUDY

The significance of moments in explaining the characteristics of random variables
and their probability distributions cannot be over emphasized in statistics. Basically,
there are two types of moments namely moments about zero and moments about
arbitrary points. Moments about zero are called crude moments while moment
about an arbitrary point is called the central moment if the arbitrarily chosen point
is mean or average of the distribution (Pearson, 1900; Kenney and Keeping, 1962
and; Weisstein, 2002). The central moments are fundamental to the determination
of such characteristics of probability distributions as the variance, skewness and
kurtosis (Arua et al, 1997). Higher moments can be obtained in theoretical statistics
but their applications in practical cases are yet to be uncovered. Central moments
of any order can be obtained by the mathematical combination of crude moments.
A very important method of obtaining moments of a random variable and its
probability distribution is the moment generating function (Chukwu and Amuiji,
2012). However, very serious setbacks of this method of generating moments are
that it does not always exist for all probability distributions and that it can only
generate crude moments. To obtain the crude moment of a random variable and its
distribution, its moment generating function is differentiated the required number
of times and evaluated at a zero value of some real coefficient of the variable in the
transformation that determines the function (Chukwu and Amuiji, 2012; William and
Richard, 1973). To obtain the central moments from crude moments, some
mathematical combinations of the crude moments of required order are applied.
The process of differentiating to obtain crude moments through moment

generating functions and eventually having to obtain central moments from crude



moments by the mathematical combination of the crude moments is tedious and
cumbersome (Oyeka et al 2010).

In a bid to seek easier and quicker methods of finding the moments of random
variables and their probability distributions, Oyeka et al (2008, 2010 and 2012)
developed the univariate alternative methods for finding the moments of random
variables and their probability distributions and bivariate alternative methods for
finding the moments of two jointly distributed random variables and their
probability distributions respectively. The researchers of these methods showed
that these methods yield the same results as the traditional methods of generating
moments of random variables and their distributions, and that they are easier and
quicker to apply without requiring any further modifications, can handle cases of
non-negative powers that are not necessarily integers and, in special cases, can
handle non positive real powers enabling the generation of moments of negative
powers.

In order to validate the findings made by the researchers of the Alternative methods
of generating moments of random variables and their distributions, this study will
review their works and eventually use them as springboard for the development of

the multivariate generalized moment generating functions.

1.2 STATEMENT OF PROBLEM

Though the traditional methods for generating moments of random variables and
their probability distributions have proved to be viable tools, they do not always
exist, their application is limited to single power of random variables and they are
used to generate only crude moments (Bulmer, 1979). Thus, they are not suitable
for the generation of moments where non-integer and non-positive powers are
considered. The alternative methods of generating moments of random variables

and their probability density functions as obtained by Oyeka et a/ (2008, 2010 and



2012) for the univariate and bivariate distributions have such beautiful qualities as
being easier and quicker to apply than the traditional methods and being able to
generate moments of non-integer and non-positive powers of random variables.
These findings however, have not been validated by an independent study. More
so, the Generalized Multivariate Moment Generating Function of Random

Vectors/matrices and their probability distributions has not been developed.

1.3 AIM AND OBIJECTIVES OF THE STUDY
The aim of this study is to develop generalized multivariate moment generating
functions for probability distributions of some random variables, while the specific
objectives are to;
1. validate alternative methods of generating moments for the univariate and
bivariate distributions;
2. develop the function for specific multivariate probability distribution
functions;
3. use the function to generate moments for their respective probability
distribution functions;
4. apply the method in data analysis;
5. expose the advantages of the new method over the traditional/conventional
ones.

1.4 SIGNIFICANCE OF THE STUDY

This study will be significant in developing functions that can generate both crude
moments, central moments and moments about arbitrarily chosen constants for
some multivariate random vectors and their probability density functions which are

more versatile, easier and quicker to apply than the traditional methods.



1.5 SCOPE OF THE STUDY

This work develops the Generalized Multivariate Moment Generating Function of
random variables and their probability distributions. It specifically develops the
function for the Multivariate Gamma Family of distributions, the Multivariate
Normal distribution and the Dirrichlet (Multivariate Beta) distribution. It uses the
developed functions to generate moments of the distributions, applies the methods
to data analysis with the hope of exposing the advantages of the new methods over

the traditional/conventional ones.
1.6 LIMITATION OF THE STUDY

This study develops generalized multivariate moment generating functions of
multivariate random variables and their probability distributions; specifically for the
multivariate gamma, the multivariate normal and the dirrichlet distributions.
However, these methods can only be used for continuous distributions. Thus, the
limitation of this study is that the functions it developed are not applicable to

discrete random variables and their probability distributions.

So many works have been done in the areas of Moments of Random Variables,
Moments Generating Functions, Characteristic Functions, Factorial Moment
Generating Functions, Multivariate Moment Generating Function, Univariate and
Bivariate Alternative Moment Generating Functions. Those works shall be reviewed

in the next chapter.



CHAPTER TWO

LITERATURE REVIEW
2.1: LITEREATURE REVIEW
Pearson (1900) stated that the " moment of a random variable about the origin
of its distribution is the expected value of the " power of the random variable.
This assertion was supported by William and Richard (1973) and Oyeka (2013).
Arizona (2009) stated that the expected value of X™ is called the mt* moment of X.
Grimmet and Stirzaker (2001) stated that there are two types of moments of
random variables namely, crude or uncorrected moments and central or corrected
moments. He stated further that the k" crude or uncorrected moment of a random
variable, X, with probability distribution, p(x) is given by the expectation of X to
the power of k and that, the k" central or corrected moment of a random variable,
X, with mean, u, and probability distribution, p(x), is given by the expectation of

the k" power of the difference between the random variable, X, and its mean, u.

Feller (1966) stated that, as in the case of discrete random variables, we define the
k" moment of a continuous random variable, X, by the expected value of the k"

power of X provided the integral exists.

Ross (1993) stated that the expected value of a random variable, X, E(X), is also
referred to as the mean or the first moment of X. He states further that the quantity

E(X™),n = 1, is called the n® moment of X.

Lukacs (1972) defined the moment of random variables as follows; let X be a
random variable and let k be a positive integer and suppose that the expectation of
X exists, then, this expectation is called the moment (algebraic moment) of order

k of the random variable, X. He stated further that the expectation of the k" power



of the absolute value of the random variable, X, is called the absolute moment of

order k of X.

The moment generating function of a random variable is a special form of
expectation of a random variable that generates moment of the random variable

and its distribution.

In support of the above assertion, Onyeka (2000) posited that there are some
functions that can easily generate some parameters of a random variable adding
that such functions are called generating functions. He gave some examples as the
moment generating function, (mgf), the probability generating function, (pgf),
and the characteristic function, (cf). He argued further that direct computation of
central moments may be quite cumbersome in which case one could resort to first
obtaining the first k crude moments and then using them to compute the k"
central moment and, that a function that facilitates quick generation of crude
moments is known as the moment generating function which he defined as the

expected value of et*.

Grimmett and Welsh (1986) emphasized that the moment generating function is the

expectation of a function of the random variable.

Arizona (2009) stated that the expected value of exponential tx is called the Laplace

transformation or the moment generating function.

Vidyadhar (1995) defined the Laplace-Steiltjes transform of a nonnegative random
variable, X, as @x(s) = E(e™%*), assuming that it exists for some complex s with
R.(s) > 0. He highlighted the properties of the Laplace transform to include that it

uniquely identifies a distribution function; the " moment of the random variable,

X, is obtained from its Laplace transform as E(X") =(—1)r%<px(s) o



computing the cumulative density function and probability density function of X

from @x(s) is a complicated affair; if X; and X, are independent, @y ,x,(s) =
¢X1(S).¢X2(S).

These properties are the properties of the moment generating function, therefore,

the moment generating function is a Laplace transform of its density function.

William and Richard (1973) stated that the moment generating function, M(t), for
a random variable, Y, is defined to be E(e®). They added that the moment
generating function for, Y, exists if there exists a positive constant b such that M(t)

is finite for |t| < b.

Statlect (2015) asserted that if the expected value of exp(tx) exists and is finite for
all real numbers belonging to the closed interval |t| < b, then it could be said that
the random variable, X, possesses a moment generating function and the function

My (t) = E(e'™) is called the moment generating function of X.

Hossein (2015) defined the moment generating function (MGF) of a random
variable, X, as the expected value of exp(6x) for all real 8 for which the sum (in the
case of discrete random variables) or the integral (in the case of continuous random
variables) converges absolutely. He stated further that in some cases the existence

of the moment generating function can be a problem for non-zero 6.

Ross (1993) defined the moment generating function ¢(t) of the random variable,
X, for all values t as the expected value of et*. He stressed that ¢(t) is called the
moment generating function because all of the moments of X can be obtained by
successively differentiating @(t). He continued by asserting that an important
property of moment generating function is that the moment generating function of
the sum of independent random variables is just the product of individual moment

generating functions.



Weisstein (2015) supported this assertion by showing that moment generating
function of sum of random variables equals the product of moment generating

functions of the individual random variables.

William and Richard (1973) summarily concluded that a moment generating
function is simply a mathematical device that sometimes (but not always) provides
an easy way to find the crude moment of random variables and to prove the

equivalence of two probability distributions.

Grimmett and Welsh (1986) pointed out that a key problem with moment
generating function is that moment generating function may not exist, as the
integrals need not converge absolutely. They stated that an important property of
the moment generating function is that if two distributions have the same moment
generating function, then they are identical at almost all points. They added that in
some cases, the moments exist and yet the moment generating function does not
due to the fact that the limiting state may not exist. He gave the lognormal

distribution as example of when this occurs.

Statlect (2015) stated that moment generating functions have great practical
relevance not only because they can be used to easily derive moments, but also
because a probability distribution is uniquely determined by its moment generating
function. The source added that this fact, coupled with the analytical tractability of
moment generating functions, makes them handy tool to solve several problems,
such as deriving the distribution of sum of two or more random variables. In
continuation of the discussion on the properties of the moment generating function,
the source stressed that if X and Y are two random variables with distribution
functions, f(x) and f(y), and moment generating functions, My(t) and M (t),

then X and Y have the same distribution if and only if they have the same moment



generating functions. The source concluded by emphasizing that this proposition is
extremely important and relevant from a practical viewpoint because it is much
easier to prove equality of the moment generating function than prove equality of

the distribution functions.

In a similar argument, Chukwu and Amuiji (2012) stated that the moment generating
function may not exist, citing the beta distribution as an example of such

distributions where moment generating function does not exist.

Onyeka (2000) supported this argument by stating that there are some random
variables whose moment generating function do not exist. He added that where it
exists, there are two methods of generating crude moments from the moment
generating function, emphasizing that one method is by expanding the moment
generating function in Maclaurin’s Series (expansion method); and the other is by
differentiating the moment generating function (differentiation method). He,
however, observed that there are cases where the expansion of the moment
generating function in Maclaurin’s Series is not possible and that the choice of which

method to use is only a matter of convenience.

William and Richard (1973) stated that moment generating function possesses two
important applications. The first being to find moments of random variables while
the second is in proving that a random variable possesses a particular probability
distribution. They highlighted that if moment generating function exists for a
particular distribution, it is unique; meaning that, it is impossible for variables with

different probability distributions to have the same moment generating functions.

Ross (1993) posited that another important result is that the moment generating

function uniquely determines the distribution. This means that there exists a one-



to-one correspondence between the moment generating function and the

probability distribution function of random variables.

Weisstein (2015) asserted that the moment generating function of the uniform
distribution is not differentiable at zero but that moments can be calculated by

differentiating and then taking limit at zero.

A commonly used alternative to the moment generating function of random
variables and their probability distributions is the characteristic function which

unlike the moment generating function always exists.

Hossein (2014) posited that there are random variables for which the moment
generating function does not exist on any real interval with positive length. He cited

the Cauchy distributed random variable as a typical example. He defined the
characteristic function as @y (w) = E[ejWX] where j = V—1 and w is a real-valued
random variable. He stressed that the advantage of characteristic function over the

moment generating function is that it is defined for all real valued random variables.

Lukacs (1970) stated that if a random variable admits a density function, then the
characteristic function is its dual, in the sense that each of them is a Fourier
Transform of the other. He stated further that if a random variable has a moment
generating function, then the domain of the characteristic function can be extended
to the complex plane and @y(—it) = My(t); this function always exists. He
concluded by stating that if a random variable has a probability density function,
then the characteristic function is its Fourier Transform with sign reversal in the

complex exponential.

Feller (1966) discussed characteristic function as the expectation of e ~**, a useful
tool made available for the study of arbitrary non-negative random variables. He
added that this property is shared by the exponential function with a purely

10



imaginary argument, that is, by the function defined for real x by e'?* = cosfx +

2 = —1. He argued further that t being

isinfx where @ is a real constant and i
bounded, the expectation of this function exists under any circumstance and
provides a powerful and universally applicable tool but bought at the price of
introducing complex-valued functions and random variables. He continued by
stating that the characteristic function is the Fourier-Stieltjes transform of the
distributions which are defined for all bounded measures and the term
characteristic function emphasizes that the measure has a unit mass. He highlighted
some properties of the characteristic function of a random variable and its
distribution as follows: it is continuous, equals one at zero, its absolute value is less
than or equal to one, the characteristic function of linear transformation of a
random variable is a function of the random variable, the characteristic function of
the convolution of two distributions has a characteristic function that is equal to the
product of the characteristic functions of the two distributions and that if x, with

characteristic function, ¢, has the same distribution as —x; then, |@|? is the

characteristic function of the symmetrized distribution.

Onyeka (2000) in his discussion of characteristic function stated that the moment
generating function exists only when |e'¥| < 1 for some t in the interval —h < t <
h where h is a positive number; a restriction that no doubt reduces the usefulness
of the moment generating function. According to him, a closely related function
which exists for all distributions is the characteristic function. In a brief definition,
he stated that the characteristic function of a random variable, X, with probability
distribution, p(x), is given by @x(t) = E(eitx) where i =+/—1 is a complex
number. He concluded that the characteristic function exists for all real values of t
and for all discrete and continuous distributions and, that characteristic function

just like the moment generating function is a unique function of a given distribution.

11



Arizona (2009) asserted that @ (8), equals the expectation of e?*, is called the
Fourier Transform or the Characteristic Function and because the absolute value of

the exponential ifx, elfx equals 1, the expectation exists for any random variable.

By the definitions of the moment generating function and the characteristic
function, one can infer that the characteristic function is obtained by replacing t in
moment generating function of a random variable by it. That is, if the moment
generating function, M (t), is defined as the expectation of e®® then the
itx

characteristic function can be defined as the expectation of e'** implying that it is

equal to My (it).

The factorial moment generating function is a mathematical device that generates

the factorial moments of a random variable and its distribution.

William and Richard (1973) stated that a mathematical device that is very useful in
finding the probability distributions and other properties of integral-valued random
variables is the probability generating function. In giving a mathematical definition
to this function, they asserted that if Y is an integral-valued random variable for
which P[Y =i] = p;,i = 0,1, 2, ... the probability generating function p(t) forY is
defined to be values of t such that P(t) is finite. Here the coefficient of t¥ is P(t).
They posited further that repeated differentiation of P(t) yields factorial moments
for the random variable Y which they defined as follows: “the k" factorial moment
for arandom variable, Y, is definedtobe y;, = E[Y(Y — 1)(Y — 2) ...(Y — k + 1)],

where k is a positive integer.”

Hogg et al (2013) stated that the factorial moment generating function of the
probability distribution of a real-valued random variable, X, is defined as My (t) =
E[t*] for all complex numbers t for which this expectation exists. They stated

further that this is the case at least for all t on the unit circle |t| = 1. On the

12



relationship between factorial moment generating functions and probability
generating functions, they stated that, if X is a discrete random variable taking
values only in the set {0, 1, 2, ... } of nonnegative integers, then My(t) is also called
probability generating function of X and M(t) is well-defined at least for all t on
the closed disk |t] < 1. It affirmed that the factorial moment generating function
generates the factorial moments of the probability distribution. Going on to the
mathematical procedure of obtaining factorial moments from factorial moment

generating functions, it affirmed that provided My (t) exists in a neighbourhood of

t = 1, the n*" factorial moment is given by E[(X),,] = M(n) — MX(t)lt 1.

Riordan (1958) and Daley and Vere-Jones (2003) both agreed that the factorial
moments are useful for studying nonnegative integer-valued random variables and,
that factorial moments serve as analytical tools in the mathematical field of

combinatorics, which is the study of discrete mathematics structures.

Potts (1953) asserted that E((X),) = E[X(X —1)(X —2)..(X —r+ 1)] where

X)r=x(x-1Dx-2)..(x—1r+1) = —)' He emphasized therefore thatif X

is binomially distributed with probability of success, pe[0,1], n number of trials,

|
n: r

(n- r)'p

then the factorial moments of X are E[(X),] = re[0,1, ...,n]. He

affirmed that for all r > n the factorial moments are zero.

Vidyadhar (1995) defined the generating function, GF, of a nonnegative integer-
valued random variable, X, as gy(z) = E(z*). He affirmed that this function is
defined for all complex z with |z| < 1. He stated as the properties of GF that a
probability distribution is uniquely identified by its generating function; the

probability density function can be derived (at least in theory) from its generating

functionby P(X = k) = = kgx(z) ; moments of X can be derived from its GF
=0’

13



as E[(X),] = ;—ergX(Z)lFl where (X), =X(X—1)..(X —r+1) and; if X; and

X, are independent random variables then gy ., (z) = gx, (2)gx,(2).

These properties are those of the factorial moment generating function of the

random variable.

The moment generating function of random variables and probability densities can

be extended to Multivariate Statistics.

As a build-up to the theory of moment generating function of multivariate random
variables and their probability density, Grimmett and Welsh (1986) stated more
generally that where X = (X4, ..., X,,)T, an n —dimensional random vector, one

uses t. X = tT X instead of tx.

Bulmer (1979) supported this statement by defining the moment generating

function of n —dimensional random vector as My (t) = E(etTX) while adding that
the reason for defining this function is that it can be used to find all moments of the

distribution.

In reviewing the multivariate moment generating function of a multivariate Normal

Distribution, Onyeagu (2003) stated that the moment generating function of a

1 2.2
o . o t+-o’t
univariate normal random variable, X, is given as My(t) = e**™2° © but for the

multivariate case where X, ~N,, (i, X), the moment generating function, My (t) of

X is given as E(e* ¥) = exp (t’u + %t’Zt).

Oyeka et al (2008) developed a method of finding moments or expected values of
the distribution of a non-negative power of a continuous random variable based
directly on the distribution of the random variable itself. They stated that E(X)" is

h

interpreted as the cnt™ moment or expected value of X about zero with ¢ and n

14



being non-negative integers. But if expressed as E(X¢)™, this can be seen as also
equal to the nt"* moment of the distribution of X¢ about zero where c, (c > 0) is

some non-negative real number not necessarily an integer.

Interest here is in finding E(X€)™", the nt"* moment of the distribution of X¢ about
zero given the distribution of X where c is a non-negative real number and n is non-
negative integer. The assumption here is that X is continuously differentiable on the

real line or over its range of definition with probability density function, (pdf),
f(x).

In finding E(X¢)™ one would need to first find, and then use, the distribution of X¢
in the calculations. However, as seen from their illustrations, the results obtained
using either the distribution of X ¢ or simply using the distribution of X are always
the same. Hence, in finding the moments of the distribution of some functions such
as X¢ of a given random variable, X, it is not necessary to find and use the

distribution of this function.

Use of the method was illustrated with continuous random variables taking on the

pdf’s: f(x) =2x;0 <x < 1; Beta, 8, distribution, f(x)= %,xa—l(l _

x)871,0 < x < 1;the Gamma distribution, f(x) = x%1e B,0 < x < ooand

BT (a)
_l(ﬂ)z
e 2\ 0 /] ,—o0 < x < 00, Results were also

. 1
the normal distribution, f(x) = -
presented of the Chi-Square distribution, Exponential distribution, Pareto

distribution, Raleigh distribution, Uniform distribution and the Weibull distribution.

They stressed that calculations using the usual Moment Generating Function are

relatively more difficult than using their new method.

15



In conclusion, they emphasized that their developed method always exists for all
continuous probability distributions unlike the usual moment generating function

which does not always exist.

Oyeka et al (2010) proposed the Alternative Moment Generating Function (AMGF).
They defined the method as

0o c c\2 c\r
M§(t)=E(e“‘c)=f_oo<1+(tf!)+(tz!) +---+(ti!) +°">f(x)dx

- MG(D) = ii— joo X" f(x)dx = i f,—:ur(c)
r=0 —00 =0

where p1,-(c) is the " moment of the distribution of X¢ about zero.

They asserted that Mx(t) is called the Alternative Moment Generating Function

(AMGF) of the distribution of the random variable, X¢.

They showed that the usual moment generating function is not always defined at
t = 0, and therefore unlike the Alternative Moment Generating Function, Mg (t)
cannot always be used to find the moments of the distribution of the random

variable, X.

They emphasized that this non-existence is a serious limitation which Alternative
Moment Generating Function does not have. Hence, making it preferable and easier

to use.

lllustration of the application of the Alternative Moment Generating Function
(AMGF) was presented for some common continuous probability distributions

including the beta distribution, the gamma distribution and the normal distribution.
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Specifically, they presented the Alternative Moment Generating Functions of the

Beta, Uniform, Gamma, Chi-square, Exponential and Normal distributions.

In a concluding statement, they asserted that the method is much more generalized
and enables one to obtain the moments of the distribution of all non-negative real

powers of a continuous random variable.

Oyeka et al (2012) developed and presented the Alternative Moment Generating
Function (AMGF) of the joint distribution of some functions of powers of two
continuous random variables when both powers are not necessarily whole

numbers.

They defined the moment generating function of the joint distribution u = X¢ and

v = Y% with pdf, f(x,y) on the real line as
My (ts, ty) = Mycya(ty, ty) = E(et*+0X%), (5, = 0,t, = 0)
where p1,.(cd) is the 7" moment of the joint distribution of X¢ and Y% about zero.

They asserted that M,,,,(t,t,) is called the Alternative Moment Generating Function
of the distribution of the random variables X¢ and Y¢ and that it generates all
conceivable moments of the joint distribution of the random variables, u = X¢ and

v=Y4,

They affirmed that the " moment of this joint distribution is the coefficient of %

or its " derivative with respect to t; and t, evaluated att; = t, = 0.

They posited that the AMGF where ¢ = d = 1; that is, for the joint distribution of

the random variable X and Y is obtained as

T4+T

- tit;
Myy (t1t;) = z pr(1,1)

!

r=0
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The marginal distribution of the random variable u = X¢ is obtained by settingd =
0 and t, = 1 while the corresponding marginal distribution of the random variable

v = Y% is obtained by settingc = 0 and t; = 1.

They illustrated the application of this method with some general distributions and
the joint distribution of two independent normal variables. Subsequently, they
concluded that the method is quicker and easier to apply than the usual or regular

Moment Generating Function where it exists.
2.2 SUMMARY OF LITERATURE REVIEW

The literature reviewed shows that n*® moment of any given probability density
function is obtained by differentiating the moment generating function, My (t), n
times and evaluating at t = 0. The process becomes tedious and cumbersome as n
increases, this also applies to the characteristic function; the moment generating
function does not always exist for all probability density function and at all points;
the moment generating function generates only crude moments; the moment
generating function is application in generating only positive integral moments of
random variables; the Univariate Alternative Moment Generating Function (Oyeka
et al, 2008 and 2010) and the Bivariate Alternative Moment Generating Function
(Oyeka et al, 2012) have not been verified by an independent research and a method

that applies in multivariate data has not been developed.

18



CHAPTER THREE

METHODOLOGY
3.1 UNIVARIATE GENERALIZED MOMENT GENERATING FUNCTIONS
The general interpretation of E(X¢ + A)™ is that it is the nt® moment or expected
value of the distribution of X¢ about some real number A where n and ¢ are usually
non-negative integers and A is either 0 or - u where u is the mean of the random

variable or probability distribution of X. This definition applies in the classical cases.

However, for the Alternative Method for Generating Moments of Continuous
Distributions, while n may still be any non-negative integer, c and A may be any real
numbers that are not necessarily integers or whole numbers. The method is still
based on the generalized definition of expected values of random variables. To
differentiate this method from the conventional Moment Generating Functions
(MGF) of the random variable X; usually designated by My (t) = E(e®¥), this
method is referred to as the Alternative Moment Generating Function (AMGF)
designated by g,,(c, 1) read g n of ¢ about A and termed the nt* moment of X°¢

aboutAforn=0,1,2,..,; —0o<c<owand -0 <A< o,
gn(c;A) = EXc+ )" (3.1)

(0]

g (6 4) = E(XC + )" = j (x€ + D F(x)dx = f ) Z (1) A ey f ()
~®r=0

— 00

— Z (?) AnT _jo xTf(x)dx = Z; (2) A (c) (3.2)

where
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(0]

W(e) = f xTF)dx  (3.3)

— 00

is the 7" moment of X¢ about zero, or the (cr)!® moment of X about zero. The
gn(c; 1) as defined in Equation 3.2 generates all conceivable moments of the

distribution of X¢ for all real values of c.

From the definition of the generalized moment generating function; g,,(c; 1), some

of its properties include:
golc;A)=1  (34)
91(GA) =EX +21) =21+ p(c) (3.5)
Equation 3.5 is the first moment of the distribution of X¢ about A.
If 2 = 0; that is, if the nt® moment of X€ is taken about the origin (zero) then,
gn(c;0) = E(XE = 0)™ = p)(c) 3.6
Equation 3.6 gives the nt"* crude moment of the distribution.
If 1 = —u, the n'™ moment or mean value of X¢ about the mean then
gn(c;—p) = E(X — )™ = pp(c) 3.7
That is, the nt" moment of X€ about its mean p, u = p;(c)

Under specified conditions g,,(c; 1) may be used to obtain all possible moments of
the distribution of X¢ where c is some non-positive-real-numbers thereby enabling

one to obtain moments of random variables with negative and fractional indices.

The above properties of g, (c;A) are quite consistent with existing theories of
probability distributions. For example, from Equation 3.4, the sum of all probability

values over its range of definition is always 1. Equation 3.5 in particular also
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conforms with the known fact that first moments of distributions about their mean
A = —u,(c)’, is always zero. If in Equation 3.7 we let n = 2, that is, if the second
moment of a distribution is taken about its mean, the resulting value is the variance

of that distribution.

As noted above, generalized moment generating functions, g, (c; 1) may be used to
obtain all conceivable moments of a continuous distribution. For example, the
variance, third and fourth moments of the distribution of Y = X are obtained from
equation 3.2 by setting A = —u, (c)’ = —u where p is the mean of X¢. Thus,

p2(c) = g2(c; —p) 3.8

variance of X¢.
us(c) = gs(c; —u) 3.9
the third moment of X¢ about its mean; and

ta(c) = ga(c; —p) 3.10

the fourth moment of the distribution of X¢ about its mean. Hence, the skewness,

sk(c) and kurtosis, ku(c) of the distribution of X¢ are obtained respectively as

#s(e) _ 93(6—1)

- . 3.11
(12(©)?  (g2(c;—m)?

sk(c) =

ta(C) _ ga(c;—p)

5 = 5 3.12
(MZ(C)) (92(0} —M))

ku(c) =
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Suppose the random variable X has the probability density function, (pdf);
f(x)=2x,0<x<1 3.13

Interest is to find an expression for the estimation of all conceivable moments of
the random variable Y = X. Conventionally, the mean and variance of Y = X is by
definition

!

2 1 .
p=p'=73and g% = — obtained as follows;

1

E(X) = jxf(x)dx 3.14
0
1 1
= | x.2xdx =2 | x*dx
frastn =]
231"
3
0
. —_ 2 —_—
~E(x) = 3= H
Var(x) = E(x?) — [E(x)]? 3.15

Now,

1

E(x?) = fxz.f(x)dx

0

1
=fx2.2x.dx
0
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5]

=2\

0
E(XZ)_
Var(x) = - (2)2

= =——|—=
ar\x 2 3
1 4
2 9
Var(x) = —
ar\x ]_8

To develop a more generalized expression for obtaining these moments and more,

we have from Equation 3.2 that

n
n _ 2
g =) (1) —— —
r=0

where

Mr(c) = or + 2

that is,

1
E(XCT) =2 f xCT+1 dx
0

2xcr+2]1
cr+ 2 0
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- E cr —
(") cr + 2
Forc =1,
(1) =
Hr Tr+2

Since ¢ = 1 in this present case.

The first moment (n = 1) of Y = X about A is from above expression

2 2
gl(l,ﬂ.) A+m=ﬂ.+§

Obtained as follows;

n

gc =y ()

r=0
Thus for

1

aen=y (a2

r=0
2 2
()1100+2 ()Alll-l-z
s~ g.(c ) =/1+z

3

If now A =0, then g,(1;0) =0 +§= g = [; = U, the mean of Y = X as earlier

obtained. Hence if A = _?2 then as expected, g, (1; —E) = 0. If now we setn = 2,

that is, if interest is in determining the second moment of Y = X about A, we have

2 2 42 1
. = 2 -_— -_ = 2 s -
g (LD = +20x 5+ 7= +—+5
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If we now letA = —pu,; (1) = —u = _?2, then we would have that

(1—2>_<—2>2+4(—2>+1_4 8 1_1_,
92\>737) =73 3\3 /7279797271877

that is, the variance of Y = X as earlier obtained.

1
If we had chosen ¢ = % that is, if interest is in determining the moments of Y = Xz,

then we would have that

©' <1)' 2 2
w(©' =ur(5) = =
2 cr + 2 %r+2
so that,
1 - 2
o (3:)= 2, ()" 1
r=0 7T’+2

1
Hence the first moment of Y = Xz about A is

1 2 4
o (bi)=re iz as

1 5
5+2
so that if A = 0 then,
(1 O) -2
gl 2' 5

1 -4

12 = = (5) = —n="Fthen g, (5:3) = 0

1
The second moment of Y = Xz about A4 is

(1-2)—AZ+ZA<4>+2
92\3°4) = 5) 73
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1
2

<1_ )_ (1.—4>_(—4)2+2<—4)(4)+2_2 6 2
92\ 7#)=92\2'5) =5 5/)5)"373 25 75 7

1
the variance of the distribution of Y = X2 as would have been obtained using the

Hence, if A = —py ( )’ =—u= _?4, then

traditional method.

Using the moment generating function would have that the corresponding moment

generating functionforY = X is

te t—1 ,
My () = My(0) = —— = ()
Obtained as follows:

My (t) = Mx(t) = E(e™)
1 1
:fetx*x*dx=fxetxdx
0 0

Integrating by parts,

letu = x and dv = et¥

0 0
et etx
ot t2
0
el et tet—et
t t2 t2
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which is fairly cumbersome to obtain and even if differentiable with respect to ¢,
the resulting derivatives do not exist at t = 0. Hence the method of generating
function cannot possibly be used to obtain the moments of distribution of the

random variable Y = X and other similarly specified distributions.

3.2 GENERALIZED MOMENT GENERATING FUNCTION (GMGF) FOR THE BETA
FAMILY OF DISTRIBUTIONS

Suppose interest is in finding the gmgf of the distribution of the random variable,

Y = X¢, where X has the beta distribution with parameters @ and 8 and pdf, f(x)

given as

I'(a+pB)

a—1 _ B-1
F(a)r(ﬁ)x (1 X) ,0<X<1,C¥>0,IB>O

fx) =

To obtain the required gmgf we have from Equation 3.3 that

) 3 I'(a+pB) 2
O e )

xT x* (1 — x)Pldx

_T(a+p) y

- 7 cr+a—-101 _ ,\B-1
F(oc)F(,B)O X (1 —x)P~*dx

or

I'(a+ L) I'(cr + a)T(B)

F(a)T(B) T'(cr + a+ B) (3.16)

ur(c) =

Hence from Equation 3.2 we have that the gmgf of the beta family of distributions

represented by the random variable Y = X€ is

n Jn-r I'(a+ B)T(cr + a)
(7‘) F'(@)T(cr + a+ p)

NgE

In(c; ) = (3.17)

r=0
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All desired moments of the beta family of distributions may be obtained using

Equation 3.17. For instance the first moment of X¢ about 1 is

F'a+pB) T(c+a)
'(a) T(c+a+p)

g1 =2+u(c) =1+
If c = 1; that s, if interest is in the first moment or mean of Y = X then, we have

a
L) =A+—
gl( 1/1) A+a+,8

so that if A = 0; that is, if the moment is taken about zero, then

91(L0) = (1) =y =

a+p
the mean of the beta distribution.
If n =2 and c = 1 then,
92(1:2) = A + 2 (a j{— ,8) * (a + Z§?a++1,[)3 +1)
Hence if
A=—p (1) = —py = -
a+p

then we have,

92 (1; a_—i-aﬁ> N (oc_-l—aﬁ>2 2 (oc_-l—aﬁ) (a j ,8) e i B) (a(j(- ; 1)1)

o« (a+PB) a 2_ 5
_(a+ﬁ)(a+ﬁ+1)_<a+ﬁ> -7

the variance of the beta distribution.

This is obtained as
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42 (1; %) - (oc—-l-a[)’>2 e (a_-l-a[)’) (a j‘I(- [)’) * (a f|{- B) (a(j‘lr- ; -1|-)1)

:(af—ﬁ)z_z(ai[%)z+(aiﬁ)(0{(j‘|{-;j—)1)

o« (a+1) ( a )2 o
“@+p@+p+1 \a+p) ¢
If we set @ = f =1 in Equation 3.17, then we obtain the gmgf of the uniform

distribution in a generalized form as

() e DT Dy 1
*g"(c;)‘)zz(rrl)’1 F(Z:+2)=Z(Z)’1 or+1 (3.18)

r=0 r=0

The moments of the beta family of distributions which are easily obtained using the
gmgf are more difficult to obtain with the traditional moment generating function.
In fact, it can only be obtained by the introduction of the De L'Hospital’s Rule of

differentiation (Chukwu and Amuji 2012; 27).

3.3 GENERALIZED MOMENT GENERATING FUNCTION (GMGF) FOR THE GAMMA
FAMILY OF DISTRIBUTIONS
Suppose the random variable, X, has the gamma distribution with parameters a and

B, and pdf, f(x), given as

X

x*le B;x>0,a>08>0 (3.19)

1
fx) = BT (@)

To determine the gmgf of the random variable Y = X¢ where X has the gamma

distribution from Equation 3.2, we have that

/ 1 cr L a—1 %
w-(c) :ﬁ“F(a) xTx% e Fdx
0
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X
cr+a 1 ﬁdx

ﬂ“F(a)

Letting v = %, integrating and simplifying, we have that

BT (cr + a)
I'(a)

ur(c) = (3.20)

Equation 3.20 is obtained a follows:

X
cr+a 1 de

ur(c) = B“F(a)
Let
*_
5 =v
= pv=x
. dx —_
. % =L
s~ dx = pdv

o ’( ) — 1 Joo( )CT+a—1 % d
oy (c _ﬁ“F(OC)O pv e Vpdv

cr+a-—-1 °
— ﬁ ﬁ cr+a-—1

- pT(@) )

e Vdv

BB [ rvan
= Bapr@ v le vdv
0
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,BCT b

,u,’,(c) — F(a)f vcr+a—1 e Vdv
0
cr

o (c) = @ I'(cr +a)

Hence using equation 3.20 in equation 3.2 yields the gmgf of the gamma family of

distributions represented by the random variable Y = X¥¢, as

o BT +a)
() —

In(c; 1) = (3.21)

NgE

r=0

As usual, all conceivable moments of the gamma family of distributions are obtained

using Equation 3.21. For example, the variance of Y = X€ is

F'(c+a)B¢ T(Q2c+ a)p*
@ | T@

go(c; 1) =22 + 24

If c = 1 then
go(1; 1) = 22 + 22aB + a(a + 1)B2

Hence if A =—u = —aff where u=af is the mean of the usual gamma

distribution, then
g2(L;—ap) = (—ap)? + 2(—ap)(ap) + a(a + 1)B*
= af? = o2
that is the variance of the usual gamma distribution.
That is,
go(L;A) =22 + 2Aaf + a(a + 1)p?

fAl=—-u=—ap
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~ g2(L—ap) = (—ap)? + 2(—ap)(af) + a(a + 1)B?
= (ap)? —2(ap)® + (a® + a) B*
= (af)? — 2(ap)? + (af)? + ap?
=2(af)? — 2(ap)® + ap?
~ g2(L; —ap) = ap?

The third moment of the gamma family of distributions about A is obtained from

Equation 3.9 as

I'(c+ a) I'2c + a) I'3c+ a)
1) = A3 3)126¢ 3AR%¢ 3c
g3(C ) + B F(“) + ﬁ F(O() F(a)
If in particular c = 1and A = —af where aff is the mean of the gamma distribution,

then we have that

93(L;—ap) = (—aB)® + 3(—ap)?*(ap) + 3(—ap)a(a + 1)B?
+ a(a+ 1D (a + 2)B3 = 2ap3

Obtained as follows;

93(L; —ap) = (—ap)® + 3(—ap)?(ap) + 3(—ap)a(a + 1)S?
+ala+1(a+2)p3

= —(af)®+3@p)® +3(—ap)a(a+ 1)B* + a(a + 1)(a + 2)p3
= —(ap)® + 3(aB)® = 3(@P)[(aB)* + af?] + (a* + a)(aB® + 2/3°)

gs(1; —aB) = —(af)® + 3(ap)® — 3(ap)® — 3a?B> + (af)’® + 2a*B° + a®B?
+ 2ap3

= —3a?p3 + 3a?p3 + 2ap3

- gs(1; —ap) = 2ap>
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Hence, the skewness of the gamma distribution is easily obtained using Equation

3.11as

93(L;—aB) 2af° _ 2
37 371

(g.(1;—ap))? (ap?)z a2

sk(1) =

Obtained as follows;

g3(1; —ap) _ 2ap°

sk(1) = 3 3
(9:(1;—ap))?  (aB?)?

2aB® 2a

=73 T~ 73

a§ﬁ3 az

_3
= 2a
2
az

Similarly, the fourth moment of the gamma distribution about its mean is

9+(L; —apf) = (—ap)* + 4(—af)’*(ap) + 6(—af)’a(a + 1)p?
+4(—af)ala + D(a+2)B32 + ala+ 1(a+ 2)(a + 3)B* = 6ap*

Hence the corresponding kurtosis is
9s(1; —ap) _ 6af* _ 6
(9.1 —ap))”  (@?)* «

ku(1; —ap) =

(Oyeka et al 2008)

Setting @ = 1 in Equation 3.19 gives the gmgf of all forms of the exponential

distribution as
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n

gn(c; ) = z (7;) AR (er + 1)

r=0

n

SO o

r=0

Similarly, setting f = 2 and a = g where k = 1, 2, ... gives the gmgf of the chi-

square distribution with k degrees of freedom as

n k
gn(c: 1) = z (7)) an-raer @ (3.23)

r=0 r(z)

As noted earlier, gmgf's can be used to obtain moments of powers of random

variables with negative indices. For example, the gamma density in Equation 3.21.

cr + a > 0; that is, if the real number c is such that ¢ > _TQ; r=1,2,..., and some

specified value of a > 0. For example, if in equation 3.21 we choose ¢ = _?3and k=

10 and, interest is in determining all possible moments of the random variable Y =

3

X_T, where X has the Chi-Square distribution with 10 degrees of freedom then it is
possible to generate moments up to the third moment of the random variable.

-3
Specifically, the possible moments of Y = X 2 are obtained from Equation 3.23 as

-3 7
(Ea)=ae?tZ ), 2T0)
Gi\27"4)~= YO 24
1
e300
= K — k — k — %
2 2 2 24
35vm
=14+2 2——
+ 64

34



3
Hence setting A = 0, we have that the mean of the random variable Y = X 2 where

X has the chi-square distribution with 10 degrees of freedom is

3
_5*2_5\/5_5\/271
- 64 256

U

Obtained as follows:

3
B 5%2 2ym B 51
= = =

H 3
22 x 64

1
_ 5xmx22  5\2m  5Va2m

3 1~ 3.1 =52
2ix 6422 237464 & *04
. _5\/27‘[
"= 56

3
If n = 2 and ¢ = 1, the variance of Y = X 2 is obtained from equation 3.23 as

3
5% 2727 N 2730(-3 + 5)
64 r(5)

3
9 (—E;A> =22 +22

3
5x+/T*272 273

— 32
=A°+ 21 2 +24

So that setting A = —u = % gives

2

3 3 3
3 5V2m\ —5\m*x272 o —5x272\m \[5*2 21 N 273
92\ 73" 56 64 64 64 24
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3 2
272 [5x272Vn

3 2
5% 27 2\T
24 64 64

3 2
( 3 5%&) 23 5x 272w
9> =

2’ " 256 | T 24 64
_ L 25T 0281148835 ~ 0.003
192 8x642 o

3.4 GENERALIZED MOMENT GENERATING FUNCTION (GMGF) FOR THE
NORMAL DISTRIBUTION

To obtain the gmgf of the random variable Y = X¢ where X has the normal

distribution with parameters u and o2 with pdf, f(x), given by

—Gﬁﬁf
e \oV2/ ; —o0 < x < 00;—00 < U < ;0% >0

f@)=0ﬁﬁ

we have from Equation 3.3 that the r* moment of X¢ about the origin or zero is

1 _(z=y
w.(c) = Jx”e (G\/E) dx

oV2m
. X—Uu 2 . . . . . . . er .
Letting v = (a_ﬁ) , solving for x, expanding binomially, integrating and simplifying
gives
cr t 1
['5+5
! _ cr cr—t 2 E (2 2)
w@ =) (7)nreone—2=2 (3.24)

t=0

Equation 3.24 is obtained as follows:
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1=

fx) = o2 ;—00 < x < 00;—00 < pu<o0;0% >0

0 elsewhere

(0]

E(X) = J xf(x)dx

— 00

(Arua et al 1997)

[00]

L EXT) = Jx"f(x)dx

[ (=)
= X" ——e ‘\ov2/ dx 3.25
_.L oV2n ( )
Now letting
)
v =
o2

=>x = v%(m/f) +u

1

dx 1 1 ov 2
S — = — 2 _E =
=3 (aV2)v
_1
ax=2""4
sSdx = v
V2
Substituting these in equation 3.25 gives
[e's) 1
E(x") f (42 %)Cr L 72,
xT) = ov e v
H oV2r V2

— 00

But
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cr t t 1 ov 2
~E(x) = r-t(20%)2 Jvz e™? dv
() ( t )H (207) ov2n V2

cr o

1 o j‘ t v _ld
— v2e Vv 2dv
O'\/ZT[\/E

t=0 —0

cr

Il
VR
~

13 r t1
),u"‘t(ZJZ)Z—Zf v2 2e Vdv
0

t 1 t 1
(CT) ‘ucr—t(zo.Z)E\/_Ej v§+§—1 e Vdv
0

(Durt@ari=r(5+5)

o el
E(XCT) — Z (Ctr) ‘ucr—t(ZO.Z)% r (2\/; 2)

t=0
Observe here that should the value of t be zero, thatis, t = 0 in Equation 3.24 there
would be the need to evaluate I (%) This may be done using the standard normal

distribution as follows;

1 x?

—e 2;—w<x<oo;u=0;0%2=1

) =3V2n

0 elsewhere

Recall
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~ V21
(oe] xz
= fe_de=V27t

2 1
Let%=v=>x2 = 2vand x = (2v)?

Hence,
dx 1 1 _1 1 1
— =22 2=2"2p 2
dv 2 v v
11
sdx =2 2v 2dv
Je 2 = Je"’z 2v"2dv = V21
r _1
Jv 2e Vdv =2Vm
2f v2 e Vdv = 2Vn
0
ij e Vdv =+
0
But
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[oherar=r(l)
1% e V= 5
0

T (%) = T s (4.25D)

Equation 3.24 is evaluated at even numbers of t. Thatist = 0, 2, 4, etc.

From Equation 3.2,

1
n cr [‘(£.+._)
ny cr _ t1P\27"2
D=y (H)r cr-t(202)7 —2_2/ 3.26
INCHEDNE (7 )u o2 =5
r=0 t=0
for even numbers of t. This implies that we set
t 1
T(z+3)
(2062)2—2—=£=0
e
for all odd values of t.
If
X—HU
v =
o

we have that

— | vte 2dv =
27‘[_
for odd values of t; thatisfort =1, 3,5, ....

Equation 3.26 is used to generate all conceivable moments of all forms of the normal

distribution represented by the random variable Y = X for all real-valued c.

For example, the second moment of Y = X¢ for c = 1 where X~N(u, 6?) is
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r=0 t=0 \/E
r=0t=0
2\ 2 _ 52
(o)’1 =4
r=1;t=0

(5) 2w = 220
r=2;t=0,2

3
(3) A° ((2)) 12(202)2 + (g) MO(ZUZ)L\/Z) _ 4 2%2 o

2 go(LA) =224+ 2 u + p? + o
letA = —u
“ go(L—p) = (—=p)* + 2(—p + u? + o?
= 1% — 2u% + p? + o2
= 2u? — 2u® + o?
- go(L;—p) = o
Also, the fourth moment of the random variable Y = X€¢ about A, where X has the

normal distribution with parameters u and ¢2 and ¢ = 1, is from Equation 3.2

obtained as
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Letr =0;t=0

letr=1;t=0

Letr =2;t=0,2

letr =3;t=0,2

r(3)

= 4] ((5;) u3(202)° + (g)M(ZJZ) y=

e—

2

il + 3027 = 42047 + 3007
Wt 3n— (u® +3uc”)

Letr =4;t=0,2,4
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4 4 1 4 r(3)

= (O) 4 4 (2) HZ(ZO.Z)E n (4) #O(ZUZ)ZW
= u* + 6u%0? + 304

W ga(L; ) = 2%+ 4080 + 622 (u? + 02) + 4A(u3 + 3uc?) + u* + 6u%o? + 302

The 4" moment about the mean; that is, where 1 = —U

9a(L;—p) = (—w* + 4(=Wp + 6(=p)*W? + %) + 4(~wW) (1 + 3uc?) + u*
+ 6u%0? + 30*

= pu* + 4u* + 6u* + 6pPc? — 4ut — 12u?0? + u* + 6u?o? + 304
= 8u* — 8u* + 12u%0% — 12u%0? + 30*
- ga(L;—p) = 30
Now from Equation 3.12 the kurtosis of the normal distribution is

ga(1; —p) _ 30* 30*

PRCEN O

k(1) =

Also, the skewness of the normal distribution can be obtained with Equation 3.11

RO

sk(1) = 3
[ (D]Z [92(1;—w)]2
3 . E 1
g0 =2 ()7 (1) ur—t(ZGZ)EF(Z_\/;z)

forr=0,t=0
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HESS

forr=1,t=0

(1) 7 () = 32

forr=2;t=0,2

C)a|3) e + (2w

= 3A(u% + 02
r=3t=0,2
B2 [@e+ Gueo]
= u3 + 3uc?
~gzs(LA) =23+ 32%u+ 34u* + 340% + p + 3uc?
letA = —u

= gs(L—p) = (—p)° + 3u® — 3u® — 3u0? + p® + 3uc?
93(L; —p) = 4p® — 4p® — 3po? +3uc? =0

1; — 0
93( M)3= —0

Sk(l) = 3=
[9:(1; =]z (0?)2

Where the value of sk(1) equals 0 implies that the distribution is symmetric (Arua,

et al 1997).

This shows that the normal distribution is symmetric as expected.
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3.5 THE BIVARIATE GENERALIZED MOMENT GENERATING FUNCTIONS

The Bivariate generalized moment generating function (BGMGF) is the expected
value of XY 4" that is, E[X"Y%"] (Oyeka et al, 2012). It is interpreted as the
(cn, dn)™ moment of the joint distribution of the random variables X and Y about
zero, where ¢,d and n are all non-negative integers. Also, ¢ and d may be non-
negative real numbers but not necessarily integers. It is assumed that both X and Y
are continuously differentiable on the real line or over their range of definition with
joint probability density, f(x,y). The n* moment or expected value of the joint
distribution of ct” power of the random variable X and the d** power of the random

variable Y about zero is denoted by u,,(c, d).
pn(c,d) = EXYH™c>0,d>0,n=0,1,2,... 3.27

That is,

(e, d) = j j XYY" f(x, y)dxdy

j f xy ™ f(x,y)dxdy = u(cn, dn)

where u(cn, dn) is the (cn, dn)* moment of the joint distribution of X and Y about

Zero.

Therefore,

uy(c,d) = u(en,dn) = U xMyan £ (x,y)dxdy 3.28

(e, d) =1V (c = 0,d = 0)
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That is,

(e, d) = j f X090 f (x, y)dxdy

—00 —00

= foof(X)dx foof(y)dy=1

“po(e,d) =1
The first moment; n = 1 is, as any other moment, obtained from Equation 3.28
That is,
u(xy®) = py(c,d) 3.29
where u,(c,d) = u(c,d)

= jo jo xy? f(x, y)dxdy

The joint variation of the distribution of X¢ and Y% is
Var(X°Y?%) = u,(c,d) — u?(c,d) 3.30
This is the second moment of the joint distribution of X¢, Y4 about its mean.

The skewness (sk) and kurtosis (ku) of this distribution can also be easily obtained

with Equation 3.28

Sk(xcyd) — ﬂ3(C, d) - 3#2 (C, d),ul(c, d) + 2.“1((:7 d)3 331

(e, d) — (¢, d)2)?
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Obtained as follows:

E[XY? — uy(c,d)]* = E[X*Y?% = 2XY %, (¢, d) + py (¢, d)?]

= E(X?°Y?4) = 2E(X YD, (c,d) + uy(c, d)?
= E(X?%°Y?%) — 2u,(c,d)? + puy(c, d)?
since E(XY?) = u,(c,d)
~E[XY? — (e, d)]* = E(X*Y??) — py (¢, d)?
= piz(c,d) — uy(c, d)?
E[xey? — (e, d)® = E (XY = py(c,d)) [X°Y? — iy (c, d)]?

= E{[XY? — py (c, D][X?>Y?¢ = 2X°Y py (¢, d) + pa (¢, )]}

= E[X3cy32¢ —2x2¢Y24,(c,d) + XY %u, (c,d)? — X*Y??u,(c,d)
+ 2XCYd.“1 (c,d)? — py(c,d)?]

= E(X3°Y3%) —2E(X?°Y?)u,(c,d) + EX YD (c,d)? — E(X?*Y2N)u,(c,d)
+ 2EXY D (c, d)* — py (¢, d)?

= U3 (C, d) - 2.”2 (C, d);ul (C' d) + M1 (C' d).ul (C, d)Z — U2 (Cr d):ul (Cr d)
+ 2u1(c, s (¢, d)? — uy (¢, d)°

= U3 (C, d) - 2.”2 (C, d).ul (C' d) + Hq (C' d)3 — U2 (C' d).ul (C, d) + Z:ul (C, d)3
— U (C, d)3

= us(c,d) — 3u,(c, d)py (¢, d) + 2p4 (¢, d)?

sk(Xcyd) = A GRICD)

3
[E(XCYd — uy(c, d))z]z
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us(c,d) — 3u,(c, pu.(c,d) + 2u,(c, d)3
[z (e, d) — i (e, d)z]%

~ sk(X€Y?) =

The kurtosis (ku) is

_ ta(c, d) — 4ps(c, (¢, d) + 6pp (¢, D (¢, d)* — 3p (¢, d)*

fau la(c,d) — i (c, )2P2

3.32

Obtained as follows:
E[XY? -y (c,d)]* = E (XCYd — uy(c, d)) [x°Ye — (¢, d)]?

= E(X°Y% = uy(c,d)) (X3Y3¢ — 2X%y 24 (c, d) + XY pyy (¢, d)?
- X*Y*u, (c,d) + ZXCYd.U1(C: d)* — u(c,d)?)
— E[X4cy4-d _ 2X3cy36#1(c’ d) + XZCYZd/.ll(C, d)Z _ X3CY3dM1(C, d)
+ 2X26Y2d.“1 (c,d)* — XCYd.U1 (c,d)® - X3CY3d.U1 (c,d)
+ 2X2%¢Y2% . (c, d)? — XY, (c, d)® + X?*°Y?4u, (c,d)?
—2X°Y%,(c, d)® + py (¢, d)*]
= HUg (C, d) - 2:“3 (C, d):ul (C, d) + U (C, d).ul (C, d)Z — U3 (Cr d),ul (C, d)
+ 2#2 (C, d).ul (C, d)z — U1 (C' d):ul (C' d)3 — U3 (C' d).ul (C! d)
+ 2p,(c, g (¢, d)? — py (¢, Dy (¢, d)* + pp(c, Ay (¢, d)?
- 2:“1 (C, d):ul (C' d)3 + Hq (C: d)4
= HUg (C, d) - 4:“3 (C, d);ul (C, d) + 6:“2 (C' d).ul (C, d)Z - 3:“1 (Cr d)4
~ E[XCY? — py(c, d)]*
= Hg (C' d) - 4#3 (C, d)ﬂl (C' d) + 6[.12 (C' d).ul (Cr d)z - 3:“1 (C, d)4

From Equation 3.12

E[XY? — puy(c, d)]*
[E(xeYe — py(c, )]’

ku =
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_ ta(c,d) — 4ps(c, d)py(c, d) + 6u,(c, d)py (¢, d)? — 3u,(c, d)*

fu la(c,d) — i (c, 2P

3.33

Suppose in Equation 3.28 we set d = 0, we obtain the marginal distribution of X¢,

txn (€) = up(c,0) 3.34
that is,
tn(c,d = 0) = j j X€m ynA=0 £ (e ) dxdy
= j j X O£ () f (y)daxdy
=[x r@ax [ roray
But

jof(y)dy=1

(00

o U () = pp(c,d = 0) = f x™ f(x)dx

— 00

Similarly, we can obtain the n'® moment of Y¢ about zero by setting ¢ = 0 in

Equation 3.28; that is,

ﬂyn(d) = un(0,d) 3.35

Hence, the skewness (sk) and kurtosis (ku) of the marginal distribution of X¢ and

Y% may also be obtained as
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Sk(XC) — HUx3 (C) - 3.Ux2 (C).uxl(c) + f.uxl (C)3 3.36

[sz (C) — Ux1 (c)z]f

ku(X€) = Ma (€) = A3 (b1 (€) + 6y (c)ugﬂ(c)2 — 3y (0)* .
[sz (C) — HUx1 (C)Z]i
ty3(d) — 3ptyp (D1 (d) + 2411 (d)?

3
[.Uyz (d) - .uyl (d)z]f

sk(Y?4) = 3.38

.uy4 (d) - 4.“3/3 (d)uyl (d) + 6,uyz (d)ﬂyl (d)z - 3.“3/1 (d)4

! 3.39
[1y2(D) — 1y1 ()]

ku(Y?) =
Example:
Suppose two continuous random variables X and Y have the joint pdf
2 y
f(x,y)—ﬁzxye ;0<x<1,y>0 3.40

then we have from Equation 3.28 that

1 oo
uy(c,d) = E(XeY4)" = E(xenydn) = f f xMyn £ (x, ) dxdy
00

1 o

2 cn dn _%

=[? X xye Pdxdy
00

1 o
— ij cn+1 dxj dn+1 e_%dy
B?
0

2 xcn+2 1

y
— an+1 _Fd
2 f}’ e ray

B cn+2]00
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Now, let

w=2
B
=>vy=LF(w
dy

“aw P

= dy = fdw

2 xcn+2 1P 'y 2 xcn+2 1P
L dn+1 , B _ dn+1 ,—w
ﬁzcn_l_z] jy e dy ﬂZCTl-I-Z j(ﬁW) e BdW
00 00
2 xcn+2 1 ( ) x ( )
N dn+2 an+2)-1 ,-w
Bien 2] p jw e Wdw
0 0
= #B(d””)f‘(dn +2)
(ecn + 2)B?
=————panrT 2 41
pn(c, d) (Cn+2)ﬂ (dn + 2) 3

_ 0

= 2 ['(2)=1

= > ( ) =

s pe(e,d) =1

Also, if n = 1 we have that
264T(d + 2)
= d =
mled) =PI+ 2) ="
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As stated earlier, ¢ and d need not be integers. Thus, if ¢ = § and d = % then, the

1 1
mean of the joint distribution of X3 and Yz is,

“r)onld
1 /5 13 1 1
H(;gé,y%)_zﬂzr(?)_Zﬂz(ixi)r(i) 28 GX;)W %W

- (%%) ~ 113948 ~ 1.14,/B

Applying Equation 3.30 in Equation 3.41 we have that the joint variation of XY % is

Var(X°Y?) = u,(c,d) — puy (¢, d)?

_2BT(2d +2)  (2B%T(d +2)\°
T (2c+2) _< (c+2) )

1 1 2
262ra +2) Z,BZF( +2)
o\ I

2

_2pr@) Zﬁ%F(%) =12,8_<18 %n%>2

B 7 o
3 3
IRCY ORI P

= (1.5 — 1.29831125)3 ~ 0.208

Equation 3.41 would have also been obtained using the joint distribution of X¢Y¢

given the joint distribution of X and Y. That is,
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Y
f(xy)—ﬁzxye B;0<x<1y>0

1 oo

2 _y
E(XYy4Hn = 'B—fj(xcyd)” xye Bdxdy
00

2 ([ B
= EJJ x"ydxye Bdxdy
0 0

Let x¢ = uand y¢ =

1 dx uc
= X = Uc: — =
" du c
1
uc !
sdx = du
c
Also,
1
1 dy wvd
y:vd}—_
v
1
va !
dy = dv
1
1 1 _vd
f(u,v) = —=ucvde B
1 o L1, 1
2 11 v oyc d
.'.E(uv)an(u”v")zﬁjJu"*v”*uC*vd*e B« . du*7dv
00

2 nc+2 v nd+2_
E(uv)"=cdﬁ2f f e ﬁdv
0
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nc+2 11 o _ é

_ 2 u ¢ ndd+2_1 B d

~ cdB?|nc+2 v € v
C 00

2
Letz=%; vd = zf3
dv
v = (Z,B)d — dﬂd; E — dBdZd—l

2 u ¢ nd+2_1
W E(uo)™ = AT j(zdﬁd) a e ?df%z% ldz
—c 1.0

2Bnd+2—d d 4 C nc+2 1 d
= I 2
cdp? g nc+2[u ’ ]0 (nd +2)
Zﬁnd+2 cd 2 nd
cdp? e+ 2 (nd +2) nc+ 2 (nd +2)
2™ T (dn + 2)
=E@™v") = 42

U, (c,d) (u™v™) p— 3

Equation 3.42 is the same result as Equation 3.41.

The n'® moment, u,,(c), of the marginal distribution of X¢ for this illustrative
example may be obtained by setting d = 0 in either Equation 3.41 or Equation 3.42

on the basis of the marginal distribution of X¢ given in Equation 3.40 as

.uxn(c) = ,lln(C, 0) = 3.43

cn + 2

Similarly, uyn(d), the corresponding nt"* moment of the marginal distribution of Y¢

is
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tyn(d) = u,(0,d) = BT (dn + 2) 3.44

1
The first moment, (n = 1), of the marginal distribution of X3 about zero is obtained

using Equation 3.43 as

LY (N (Yo 2 _2x3
m(5:0) =1 3) =) =15

3+2
1y 6
w(3)=7
and
IS I R
A3 %*2+2 4

while the corresponding variance is obtained from Equation 3.34 and 3.43 forc = %

as,
1 1 1\2
(X3) = 2 (5) ~ Ha (5)

S )

1
sovar (X§> = 0.01530612245 ~ 0.02

1
The skewness of the marginal distribution of X3 from Equation 3.36is,

3

sk (X%) _ Hs (3) ~ 302 (3) et (3) + 201 (3)

3

(1 3) -1 3) )
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(3)5+2
__ 2 _3
:uxZ 2 (%) + 2 4

3
) B2 20

G-3)
%— 2—4 + % 20% 0.00242954324

- 3 36 - 2 = T 0.00189364155 1283000597
@-%) (9

sk < 0 implies that the distribution is negatively skewed (Arua et al 1997).
The marginal distribution of X¢ is negatively skewed.

The kurtosis can be obtained from Equation 3.37 as follows:

4

(3) ~3m 3)

k(3=“49-%a%mwaﬂwxw

st
ul| X3
1
<.ux2 (§ :uxl )

1 2 3
w0 g
s u <X§> _ 2-4(3)(5)+6(3) (9)2 —3 (2)4 _ 0.00108288213
3 )2 0.00000005488
19

X
<
/‘\

wl»—k

) = 19729.69872
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A value of ku(c) > 3 implies leptokurtic distribution (Arua et al 1997). Thus, the

1
distribution of X3 is leptokurtic.

1
Also, the skewness and kurtosis of the distribution of Y2 can be obtained from

Equations 3.11 and 3.12 as follows:

Using Equation 3.44
Substitutingn =1,d = %yields

1

11 1
Hy (§> = - B2V ~ 0.8862269255p2

Substitutingn = 2,d = %yields

1
MyZ <§) = 2.8
Substitutingn = 3,d = %yields
1 15 3
ws(3) = g AT

Substitutingn = 4,d = %yields

Therefore,
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) L pavm—3(2p) (%/3%>\/E+ 2(38)m

(28~ gpr)’

15 g2 — 3p2vi + 3
- ]
(26 - )

B (%Sﬂ%ﬁ - 3,3%\/5 + %n)
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1
The distribution of yz is negatively skewed for § > 0

1
Also, the kurtosis of the distribution of yz can be obtained as follows:

2 4

k ( %) _ Hya4 (%) —4ly3 (%) Hy1 (%) + 64y, (%) ty1 (%) ~3u, (%)
uly 1 2 :
(“ 2(2) ~ 1 (3) )
) - L5 ) (39237) + 62 (3927) —3(3547)
S kulyz) = 2!
(23 - (2 5%\/;) )

682 — 4P (12) m + 9 B2 — e (Bm)?

(2.3—%&1)2
ku(y%>=/>’2(6—2—5 redr-dn) sen(3-2)-En
ponlR) el
e (y%> - _%n _%nz = —0.0291
4+n(n1_68

1
This value of ku (yE) is negative and independent of . The magnitude of  does

not determine whether it is leptokurtic, mesokurtic or platykurtic as values of ku >
3 implies leptokurtic, ku = 0 implies mesokurtic while values of ku < 3 implies

platykurtic (Arua et al 1997). Thus kurtosis and skewness do not depend on the

1

parameter of the distribution of Yz, 5.
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Suppose the random variables X and Y have the joint probability density function

(pdf):

o)

B1B2(B1 + B2)

fl,y)=(x+y) ;x>0,y>0 3.46

Then

(e, d) = E(XCY 4" = j j Xy anf (x, y)dxdy

— 00 —O00

(XY
py(c,d) = E(XY4)" = (x+7vy).e <31+32)dxdy

B1B- (,311 + B2) E)I oJ

0o 00 x .y
xcnydn (x + y)e_<E+E>dxdy
" BiBs (,31 + ) OJ Oj

Blﬁz(ﬁl +IBZ)J J(xcn+1 dn +xcnydn+1) €_<%+%>dxdy

xcn+1 dng™ 31 ﬁz)dxdy
ﬁ1ﬁz(ﬁ1+ﬁ2) OJOJ

_|_j j xcnydn+1 [31 ﬁz)dxdy
00

let -=wux =pByu; o =By ~dx=Pidu and T =viy=pv; =By -

1

dy = ppdv
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= E(Xrydn)

cn+1 dan —(u+v)
.31.32(31 + B2) Jj(ﬁlu) (B2v) P16, dudv

+j. f(ﬁ1u)cn(ﬁzv)dn+1e_(u+v) ﬁ1ﬁszdV]
00

E(chd)n —

! i cn+1,—-u an . —v
B162(B1 + B2) b].b].(ﬁlu) e " (Bv)" eV By Brdudv

+ j j (Br) e (Byv) ™+ e B, B, dudv]
00

__ Bibs
B1B2(B1 + B2)

fﬁcn+1 cn+1 —udu.[ﬁzdnvdne—vdv

jﬁ “dujﬁd”“vd”“e‘”dv]

_ BT (en + 2)BI"T(dn + 1) + BT (en + 1B T'(dn + 2)
- Bi+ B,
npdnp I'(cn + 2)I'(dn + 1) + B,I'(cn + DI'(dn + 2)]

c,d) = 3.47
pn(c,d) 5t 5,

The mean of the joint distribution of X and Y can be obtained by settingc =d =1
and n = 1 in Equation 3.47. That is;

BB (BT(1+2)T(1+ 1) + BT (1+ 2)T(1 + 1))

Ll = Bt B
_BiBa2Bi+28) _ 28821 + o)
Bt B Gt B
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S u(L,1) = 2645,

The variance of the joint distribution of X and Y is obtained using Equation 3.30 in

Equation 3.47 as follows:

var(x,y) = u,(1,1) — py(1,1)?

BLBFIBT(2 +2)[(2+ 1) + B,T(2 + DI(2 + 2)]
P11+ B2

_ BiB3[B1T4T3 + B,I'3T4] _ B B3 (126, + 12f3,)
B+ B B1+ B

_ 1282635, + B)
(B1 + B

~var(X,Y) = 12BFBF — (2B1B,)* = 12PF 7 — 4P7 B3

= var(X,Y) = 8B7f5;

#2(111) =

= 12p7p;

The skewness of the joint distribution of X and Y can be obtained by applying
Equation 3.47 in Equation 3.31. That is,

ps(c,d) — 3uy(c, dpy (¢, d) + 2p4 (c, d)3
3
(u2(c,d) — uqs(c,d)?)2

BiB; 1A T(B+2)I(3+1) + S,I'(3+ DI(3 + 2)]

sk(XY4) =

‘Ll3(1,1) =

(B1 + B2)
_ Bi B3 [144B; + 144B,] _ 1448785 (B1 + B2)
(B1 + B2) (B1 + B2)
- (11 = 1446363
o sk(X,Y) = 14487 B3 — 3(12B7B3)(2B1B2) + 2(B1f2)?

(12822 — (28,8,)7)2
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_ 144B7B; — 72p7B; + 1687 B; _ 727 B; + 1657 B3

(862822 (852522
_ 88p3p3
e
~sk(X,Y) = 8—? LN
g5 512

Thus, the distribution of X¢ and Y is positively skewed for c = d = 1.

The kurtosis can also be obtained by applying Equation 3.32 as follows:

ta(c,d) — 4us(c, py (c, d) + 6p,(c, d)py (¢, d)? — 3py (c, d)*

ku(X,Y) = (uz(c,d) — puqi(c,d)?)?

From Equation 3.47

182 (BT (6)I(2) + B,T(2)L(6)]

Ha(L1) = it Bo)
_ BiB311208, +1208,] _ 12082628 + )
(ﬁl +ﬁ2) (ﬁl +B2)
« ua(11) = 120822
= ku(X,Y)
_ 1206368 — 4(1445363)(2Buy) + 6128263 (26:B)* — 3(26:)"
CHAE
| 120BB% — 1152(BHRY) + 288B1RE — 4BRIRE  —792pi B
- 64B1P5  64B1P;

o ku(X,Y) = —12.375

The marginal distribution of X¢ is obtained with Equation 3.34. Hence,
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BT (en + 2) + BT (en + 1)]

.uxn(C; 0) = (31 n ,32) (3.4—8)
Thus,
_ BulBiT(3) + B.T(2)]  Bu[2B1 + B2 ]
10,1(1,0) = G =gy e (3:49)
(1,0) = BE[B:T(4) + B,T(3)] _ BL[6B:1 + 2]
S B: + B) B: + Bo)
. _ 2B (3B + B2)
U (10) = T e (3.50)
(1,0) = FLATG) + BT () _ f(245: + 652)
Haal ™ Br + B2) Br + B2)
, _ 635 (4B, + B2)
U (L0) = T e (B5D)
= (1,0) = B[BiT(6) + B,T(5)] _ I'(5)B1 (5B + B2)
Pt = 55 By + B2) Br + B2)
. _ 24BF (5B + B2)
o ue(1,0) = Gt ) T S BY )
Thus,
1(2B1 + B>
1 (L0) = - ((.31IB+-;2’8) :

From Equation 3.34,

var(X) = pz(1,0) — p1(1,0)°

_2B{GB+ ) (ﬁl[zm + Bz]>2 _2BFGBu+B)  4BE + BIBF +4BIB
(Bi+ B2) B+ B) B+ B) (B1 + )2

64



_ (B + B2) (685 + 2B1 ) — (4B + PiB; + 4B B2)
By + B2)?

_ OBI + 2B, + 67 B, + 28185 — 41 + iP5 + 4B
(B1 + B2)?

_ 2Bt +12B7B, + BEBF + 213
(B1 + B2)?

257 (By + 6B2) + P13 (By + 2)
(B1 + B2)? i

~var(X) =

e (352)

Using Equation 3.36, we can obtain the skewness of the marginal distribution of X

as follows:

.ux3(1) - Bﬂxz(l)#xl(l) + 2#x1(1)3

sk(X) = 3
(.sz(l) - .uxl(l)z)E

657 (48: + B2) _ 5 [2B7 (3P, + ﬁz)] BB + 5] ., [ﬁl(zm + ﬁ2>r
(ﬁl + 32) (,31 + BZ) L (,81 + ,82) i 181 + 182

3
{ZBf(Sﬂl +B2)  [B1(2B1 + B)] }

(ﬁl + BZ) L (:81 + :82) _

657 (41 + o) _ 4 [2312(331 + )61 (21 + ﬁz)] o [/31(2/31 + /32>]3
(Bl + BZ) (.81 + .82)2 (ﬂl + BZ)

3
66; + 276, (2B + ,31,32)2]5
B+ B (B + B2)?

Considering the numerator,

657 (481 + ;) 31687 + 2BTBal[2BF + BiBal | 2[2B7 + Bifs )’

Bt B By + )2 T By
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_ 241+ 6B7B,  3(12B7 + 10B1B, + 287 63)
BB (B1 + B2)?
| 2[8B + 6B 5 + 12875, + BiB5]
By + B2)?

AP+ 12B7 B, + 12B1 5 + 2B B3
a (By + B2)?

Now considering the denominator,

3
[(.31 + B,)(6B3 + 2B2B,) — (2B + B1B2)?*]?
(B1 + B2)?

3
6Bt + 257 By + 687 B2 + 2(B1B2)* — 4B1 — (B1B2)* — 4B Bz |2
(B1 + B2)?

) [233 F 4876, + (BuBy) T2
B YL

A4S+ 12B3B, + 12B}52 + 2832 Bi+B) 7
k= Gr B '
1+ B2 (2B + 4838, + (BiB)?)

AR+ 12B7B, + 12B1BF + 287 B3
QB4R + (B1B)D?

(483 + 12BF B, + 128,85 + 23)

+ (B3(8B2 + 485, + B8LLR3 + 8B3BS + 415362 + 4533

+ 1625 + 365265 + BBLSS + 48165 + BB 5 + 26,53 + B3))

Suppose f; =, =1
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This value is close to symmetry with an infinitesimal sign of positive skewness. The
larger the values of f;and [,, the more positively skewed the distribution of X

becomes.

The kurtosis of the marginal distribution of X is from Equation 3.37

o (248158 + Ba] | [655 (4P +ﬁz)] [ﬁ1(231 +ﬁz)]
Ku(X)—{ B, + f3; 4_ B+ B B1 + B,
o IZﬁf(Bﬁl +B2)] [ﬁ1(2ﬁ1 + ﬁz)r . [ﬁl(m + /32>r
B+ B B+ B> B+ B
. [2/3%(3/31 +5)] [2/312(3/31 + )’
' B+ B B+ B

_ 3Pi[8BI (3P + 8B,) + 4BrBF(17P1 + 4B,) + 4B (B + 4) — 8B7BF (4B + 3) — B3 (8B + )]
{(By + B2)[2B7 (By + 6f2) + B157 (b1 + )1}

For values of 5; and [, greater than zero the marginal kurtosis of the distribution of
X is positive. Suppose 8; = , = 1, Equation 3.54 equals 6.4576271. This means

that the marginal distribution of X is leptokurtic (Arua et al 1997).
The marginal distribution of Y can be obtained using Equation 3.47. Thus,

BB BT(0+ 2)I'(dn + 1) + B,T'(0 + DI'(dn + 2)]

tyn(0,d) =

B1 + B2
e iy (0,d) = 2", I (dn ;lli;fzr(dn 23S
a0y AT +ﬁj)++ﬂ/232r(1 +2)]
oy (0,1) = P [511:;2[32] I < 315
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BZ[BT(2 + 1) + B,T(2 + 2)]

e (O:1) = Bt o
o y2(0,1) = ﬁzz[;ffﬁjﬁﬂ e oo - (3.57)
s (0,1) = B3[BT (3 +ﬁt11)++ﬁzﬂzr(3 +2)]
— ﬁzg[;ﬁ;:;z%] e oen e e (3.58)
1y (0,1) = BB (4 +ﬁ11)++ﬁfzr(4 + 2)]
_ Pi[245, + 1205,] et oo (3.59)

B+ B

Using Equation 3.35 we have that

Var(Y?) = py,(d) — py1(d)?

Thus the variance of the marginal distribution of Y can be obtained as,

Var(Y) = Hy2 (d) - :uyl(d)z

ﬁz [2B; + 6] ,32 [B1 + 2] ]

Pr+ B2 P+ B2
Var(y) = B3 (2B1 + 6B)  BIB +4B:B5 +4B;
P+ P (B1 + B2)?
_ BBy + 6B)(By + Bz) — (BLBZ + 4B1B7 + 4B;)
(:81 + ,82)2
_ (2BEBF + 6P1B; + 2B3P1 + 6B7) — (BP; + 48183 — 4B;)
(:81 + ,82)2
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_ BiB; —2B:\B5 + B (B —4) + 6B3

(B1 + B2)?
_ 2BEB5 + 6B1B5 + 2B3 By + 687 — BiB; — 4BB; — 4B;
(B1 + B2)?
_ BIBZ + 6BiB; + 2B By — 4B1B + 2B
(B1 + B2)?

Also,

B3 (B + 4Bz + 4B + 2B3)

Var(Y) = 571 B2 1 205 e e 223,60
Using Equation 3.38, the skewness of the marginal distribution of Y is obtained as
follows:
Sk(¥) = {Bz [BiT4 + BI'5] [,32 (2B, + 6,32)] [ﬁz(ﬁl + 2,82)]
B+ B B+ B B+ B
3
2.82 (B1 + 23;)? } N {.322 [2Bf = B1Bz + B3 (B — 4) + 6,[))23]}7
B+ B o B+ B
Thus,
_ 8BEB3 +2p7BF +8BF — 1263 (B1 + B2)* By + )
sk(Y) = *

(B1+ f2) B2(2B2 — BuBy + B2(By — 4) + 6B3)2

_ (B +B)(8BEB3 + 2B7B7 + 8B — 12B7)
(2B1B3 — BrB3 + B2 (Br — 4) + 6p3)2

Now, suppose $; = , = 1, we have that

28+2+8—-12 12
sk(Y) = ( 3) =—=15

2-1-3+6)2
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Then, the marginal distribution of Y is positively skewed where 5; = (5, = 1.

Using Equation 3.39, the kurtosis of the marginal distribution of Y is obtained as

follows:
oI LG R [ﬁz (68, +24,) ] [ﬁz (8, + zp’z)]
B+ B B+ B By + B,
e [ﬂZZ(zm + 6/@1 [ﬁz (B + ZBz)r [Bz By + 28,) ]
B1 + B B+ B B+ B

_(B32Bi+6B) (ﬁz(ﬁl + 2/@)2
' B+ B B+ B

Consider the numerator.

Bz (24P, +1208;) [ﬁz (6B; + 24p3,) ] [ﬁz By + Zﬂz)]
B1+ B> B1+ B> B1+ B>

+6 [ﬁz (2B; + 632)] [ﬁz (B + 252)] [ﬂz (B + 2,82)]
B+ B> B+ B> B+ B

_9BEBI +T72B2 B3 + 13287 B3 + 96, 7 + 8B3
a (B, + B2)*

Considering the denominator,

B3 (26, + 68,) [ﬁz (B + Zﬁz)r C_(BIB3+4B.3 + 2B3)°
Bl +:82 :81 +:82 (:81 +182)4

_ BiB3 +8BiB3 + 2087 B3 + 168, B + 4B5
B By + B2)*
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9B Bs + 72B3 B3 + 132BL B35 + 96187 + 83
(B1 + B2)*
y (Bs + Bo)*
BiBs + 8B B5 + 2087 Bs + 16B, 8] + 4P5

_ 9Bz + 72p7 B3 + 132p7 B3 + 96B. 7 + 4865
1B7 +8BTB3 + 20B7B; + 16B: 5] + 453

o ku(Y) =

Observation here is that all coefficients in the numerator are higher than their

counterparts in the denominator.

Suppose 5; = 5, = 1, we have that;

357
ku(Y) = E =7.761

Thus, the kurtosis is greater than 3 which implies leptokurtic (Arua et al 1997).

Suppose in Equation 3.47 we let ¢ = % and d = %, the n'™ mgoment of the joint

3 1
distribution of X2 and Y2 about zero can be obtained as

31 3 1
—,—)|=E(Xz,Y2
u(z7) = (r2r7)

s 2 3 1 3 1
BB AT (G+2)r(z+ ) +Ar (G +)r(z+2))
- B+ B

B2BZ[BiT ST S+ RTSTS

,31+,32

Mz 2r(3) 8.+ 36
Bi+ B

ButT G) = +/m in Equation 3.25b. - (F%)z =1
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Hence,

1
5.3 3T
31\ ﬁlzﬁzzﬁ(5ﬁ1 +36>)

Using Equation 3.48 and substituting for ¢ = %, the nt" moment of the marginal

3
distribution of Xz about zero is

X 2 [ G+ 2) +pr (G4 1)]
Hn(Z,O) 1 p1+ B>

Letting n = 1, the first moment of the marginal distribution of X2 becomes

w(3.0)=u (o) [arG+2)+arG+1)

_’0 )
2 2 p1+ B>

alor @ e ) ir@)sa s

B1+ B B1+ B>

3
VRBE 36+ 2
aﬂ(3 ):3 nﬂ[zﬁ'+ﬁ]."mmuxa6m

2’ 4(B, + Bo)

Suppose ¢ = gand n = 1 in Equation 3.48, we have that

w(bo)=2 Jar@)+ar@)] 3r@)sids +e)

B1 + B B B + B2
1 /1N .= (4B, + 3 1
__§F(§)ﬁf(l£%%l§)__%F(%)ﬁﬂ%ﬁ1+3ﬁg
a p1+ B2 a p1+ B>
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..(3.66)

1
1 =
(1 ) [ (3) B3(4B, +362)
S UL = =
A3 9(B1 + B2)
To illustrate the needed modification the probability distribution and moment

generating function of the random variable, X, note from Equation 3.46 that

o~/ B1+/B2)
B1B2(B1 + B2)

fl,y)=(x+y) x>0,y>0; 5,6, >0

We obtain the marginal distribution of X as

FG) = j £ y)dy
0

oo (0e]

= k |:J xe_x/.b)l e_y/ﬁZdy _I_ j ye_x/ﬁl_e_y/ﬁzdy
0 0
where k = S
" B1B2(B1tB2)

= k|:xe_x/ﬁlj e_y/ﬁzdy_l_e_x/ﬁlj ye_y/ﬁzdy]
0 0

Integrating with transformation to gamma function gives
= k[xe=*/P1(8,) + B3e*/F1]
Substituting for k and evaluating, we have

xe_x/ﬁl + ﬁze_x/ﬁl

O Gre T (367
therefore, the pdf of Y = X¢; ¢ = 0 is, using the theorem,
FO) = f(g7 ). H2
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wherey = g(x) and x = g~ 1(y)

(William and Richard, 1973 and Chukwu and Amuji, 2012).

Now,
y=gx)=X°
1 1
>x=9 (y) =yc
cdx 1 1,
_yc
dy c
1 1,
= dx = Zyc dy
1 1 1
yze_yc/ﬁl + ﬁze_yc/ﬁl 1 1_1
~fy) = —yc
B1(B1 + B2) c
2
( ) 1 y yc/ﬁl _I_ﬁ yc yc/ﬁl
oo y = —
4 c p1(B1 + B2)
& My () = Mye(t) = E(e™") = E(e®™)
00 1 00 1
— c e b1 e, + c e P1e"”.
BBt )7 S g
o0 1 o0 1
2., X i, X
M,(t) =k fyc e /31.ety.dy+ch e Pr.e.dy
0 0
where k = S —
N c[B1(B1+B2)]
Let
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1
c
= v =y = Biv)dy = chfveldy
1
2 C,,C
WMy (t) =k f (,vaC)E_le‘”etcﬁlv eBEveldy

1 c
+ kﬁzj(ﬁfvc)z_le‘”.et(ﬁl") cBEfvedy

Considering the first term,

2
kc f (vaC)E_l.vac‘le‘”et(ﬁlcvc)dv
0

=k

+ ---]e‘”ﬁfv

r!

o t vC tr CUC T
lel‘l'(ﬁl) . (Biv©)
0
Substituting for k and evaluating gives

B j
— 1+—( vé) + - +—( v + ---)e‘”dv
Bt ) A <
Now, considering the second term;

(00

kﬁzj(ﬁlvc)“l “Vet(Biv) ¢ BEy1ldy = kcﬂzﬁlj etBr)e=v(y

0

(0.0]

= kcBy B, f etB1v)’ e=v(y
0

—kcﬁzﬂlf[1+ (BEvE) + - +—(ﬂ Y 4 o | e=vd
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Substituting for k and evaluating we have,

(0]

Fa J<1+—(B C)+---+i—:(ﬁfvc)r+~')e‘”dv

B+ B

Thus,

My () = j |14 5860 + o+ By 4| eva

+(/>’1+',82)”1+ (Brve) + oy B0+ |

t t"
= —(.3 Lj-lﬁ )j [ve‘”dv + F,vac“e‘”dv + ot F,Bfrvcr“e_vdv + ]
11 b2 - .

T

t t
+MJ[6_vdv+ﬁ'Blv6_vdv+ ..._I_Eﬂfrvcre—vdv + o]
0

1 ot T
My(©) = s m;;ﬁl r(cr+z>+ﬂ2;ﬁﬂ rer+1)

sy < PIE AT + D 4 B SR T+ ) s68)
B1+ B

The nt" moment of the distribution of Y = X¢ about zero is taken as the co-efficient
s
of Z?"% or the n'"* derivative of My (t) with respect to t, evaluated at t = 0, in the

expansion of Equation 3.68.

That is,

BT (en + 2) + BT (en + 1)]

M (0) = MSP(0) = A
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enl(cn) B [Br(en + 1) + B, ]
B1+ B

= MP(0) = (3.69)

The modification yields the same result as u,,,(c) in Equation 3.48.

3.6 GENERALIZED MULTIVARIATE MOMENT GENERATING FUNCTION
(GMMGF)

This section develops the generalized moment generating function for multivariate
random variable Y = X°¢ about a constant vector or matrix, A. This is called the

Multivariate Generalized Moment Generating Function, G,,(c; 4).

Suppose t € Ris a (p X p) square matrix or a (p X 1) column vector, Y = X¢ and

c € R.
Therefore,

My (£) = Myey() = E(et D) — — — — — — — — (3.70)
Equation 3.70 may be read as the moment generating function of X¢ about A.
Equation 3.70 may be evaluated with the Maclaurin’s series expansion as

(et 04) = E(Z [t'(X€ + 2)] ) z( ’)”E(XC Lo

n!
n=0

o ()"
e (3.71)

& Mige(t) = E(XE + ) z
n=0

The coefficient of Y77, (n) in Equation 3.71 yields the nt"* moment of the random

variable Y = X¢ and may be termed the Multivariate Generalized Moment
Generating Function, G, (c; 4). It generates all conceivable moments of X¢ about A.
Obviously, if c =1, A = 0 and n = 1, Equation 3.71 yields the first moment of X
about zero also called the mean of the distribution of X.
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If c=1, A=—u, and n =2, we have from Equation 3.71 that G,(1;—u) =
Var(X). That is;

Var(X) = E(X — p)?

Higher moments of the distribution of X are similarly obtained by varying the value

of n accordingly.

Equation 3.71 may be evaluated as

GG ) =EX +D)"=E (i (v) An_rXCT)
r=0

_ z (F)aExery - - - -(3.72)

(Riordan, 1958)

The Generalized Multivariate Moment Generating Functions, G,(c; 1) will be

developed for the Multivariate Gamma, Normal and the Dirrichlet Distributions.

3.7 GENERALIZED MULTIVARIATE MOMENT GENERATING FUNCTION
(GMMGF) FOR THE MULTIVARIATE GAMMA DISTRIBUTION

Let X be a positive-definite real p X p matrix distributed as Multivariate Gamma
with shape parameter, a, scale parameter, 3, and scale, X (a positive-definite real

p X p matrix). Then, the probability density function, PDF, of X is given as,

— |Z|_a a—(p+1)/2 _l -1v\ | - - _ _ _ _ _
FOO = a1 ®+1)/ exp<tr( 52 X)) (3.730)

where I}, is the multivariate gamma function. (Gupta and Nagar, 1999 and Royen,

2006)
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Where the shape parameter, a=g, and the scale parameter, f =2, the

Multivariate Gamma Distribution reduces to the Wishart Distribution.

NS

n—-p-1 1 -
fX) = L Xz e 2T (3.73b)
7

@)
(Wishart 1928).

Equation 3.73b gives the wishart distribution for § = 2 and a = g where 77 is the

sample size.

[}, is defined in two forms. In the first definition,

I,(a) = jexp(—tr(s)) |s|e=@+D/2qg — — — — — — — — — (3.74)

s>0

where s > 0 means s is positive-definite.

The other definition, more useful in practice, is

p
(@ =@ 4] [+ 1 -p/2l-—————--—- (3.75)

(James, 1964 and Royen, 2006).

From Equation 3.75 we have the recursive relationship:

[ (a) = n®D/2r(a)T,_, (a _ %) = n®-V/2T . (@).T[a + (1 - p)/2] (3.76)

Thus,
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I (a) =T(a)

1
I,(a) = /2T (a)T (a - 5) ________ (3.77)

1
I;(a) = 3/?T(a)T (a — E) MNa—1)
and so on. (James 1964)

Now, applying Equation 3.72, the generalized moment generating function about

Apxp is developed as

G,(c;) =EX*+)"=E (i AT xer (:‘l)) — i (:‘l) ATE(XCT)
r=0 =0

where E(X¢") = ffooo x" f(x)dx, for p —variate gamma distribution from Equation

3.73is
- n qn-r |27 cr+a—(p+1)/2 ! -1 d
z(r) Bparp(a)le exp tr(—EZ X) X
r=0 X>0
n |Z|—a 1
_ n\ n—r cr+a—(p+1)/2 t (——Z_lX) X
Z(r)l BPT (@) f|X| exp( r 3
r=0 X>0
i r Z“ﬁparp(“)
n
Z|TBPD, (a + cr
Y B
p

r=0
Substituting f =2 and a = Tin Equation 3.78 gives the multivariate generalized
2

moment generating function of the wishart distribution as
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n
G,(c;A) = zn: (?) AnT |Z|CT2PCTFpn(2 M CT) ________ (3.79)
r=0 FP (7)

Equation 3.79 depends on p, the number of variables, and 7, the number of
observations (sample size), which shows that it is the Multivariate Generalized
Moment Generating Function, G,,(c; A), of a p —variate extension of the chi-square

random variable.
The practical application of this function is better appreciated where n = 1. That is,

n=1r=01andc=1

1

' B 1 ., Zrﬁprf‘p(oc + 1)
G, (1; 4) = rio (0) Al Fp(a) ———————-—(3.79)
1 1\ ZBPT,(a + 1)
= (0)/1 + (1) FZ(a) =A+afPY ——————(3.79b)

Now substituting A with —A4 in order to get the first central moment, it implies that

—u+apPL=((0)
~A=pPaX=pP 1 (apE) ——— —— (3.79¢)

The coefficient of P! in Equation 3.79c¢ is the mean of the distribution while f7~1

indicates that the dimension (number of variables) of the distribution is p.

Where f = 2,a = g, we have for the Wishart distribution;
n
A =201 (ziz) =2 I (nE) — — — — — — — — (3.79d)

This may be interpreted as a p —variate Wishart distribution with mean, nX, which

is the coefficient of 2P~ in Equation 3.79d.
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To further illustrate the use of the Generalized Multivariate Moment Generating
Function, supposec = 1,n=2,r = 0,1, 2 and p = 3, we have from Equation 3.78

2
i) = HOC 0= D) ()T
p

r=0

zr'B3r

2T, (a + DI(@)AEB®  T(a + 2)I(a + 1)E'ERS

A T L @re-D 7T h@re-D

Evaluating further using equation of 3.77 yields

22 (@ + 1T (a + %) NCIYNE

1 1

G,(1;0) =2+
72.T().T (a - 7) M(a—1)

w2l (a + 2)T (a - %) [(a + 1)Z'ES

n%F(a)F (a — %) J(a—1)

20(a + DT (a + %) FONE

F(a—%)F(a—l)

fGy (L) =4+

[(a+2).T (a - %) [(a+ 1)E'ZR°

+ 1
()l (a - 7) M(a—1)

— ———(3.80)

n

Thus, for the wishart distribution, where f = 2 and a = 5 we have

4 n 1y,
G>(1; 1) =A’A+2F(2;1)1F(2 ;2)“23
F(E—E)F(7—1)

r(g+2).r(g—%)r(%+ 1)):'):26

r@r@-2rG-1)
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tor (152)r (1)

TR
oor (134) £ (153) r (1 2)

@) ()

This is the second moment of a p = 3 variate Wishart distribution about A. It is a

fGy(L ) = A4+

function of n, the number of observations (sample size).
3.8 CASE OF INDEPENDENCE OF GAMMA RANDOM VARIABLES

Suppose Xy, Xz, «.., Xj, e, Xp Are independent gamma random variables each with

probability density function
f(x;) = .—xfi_le‘xi/ﬁi ———————— (3.82)
a.

then, the joint density function of the random variable is

i1 ,-xi/B;

,Biair(ai)

4
X
f(x1; Xy s Xi) ...,Xp) = 1_[
i=1

(Furman, 2008)

Hence, the generalized moment generating function about A of the joint distribution

of the p independent gamma random variables is obtained as follows:

n p
G, (c; 1) = (Z () an—") E(X°T)

where



o Cll+CT 1 _xl/ﬁldx
E(XCT) - ﬂf all—‘(a )
i

=190
Let
X dxi
E =Y X = Biyi; d_y-; = dx; = p;dy;
l l
P er)=1 =y
E(XCr) — 1_[ ('Biyi)(al+cr) e yl'Bidy 1_[ (“l"‘cr) 1 e Vi dy
i=1 0 BT (a) I'(a; ) l

B ﬁﬁ{”r(ai + cr)
B L I'(a;)

= ey e +cr)
n(cl)—<z /1 )ﬂﬁ Ty — ———(3.84)

Suppose ¢, A, n and r vary amongst the random variables, we have that

['(a; +
cutes 10 =[ |3 (s e - s

i=1 ri=

However, if all the parameters (c;, A;, B;, @i, n; and ;) are constant for all the random

variables, we have

BT (a+ cr) ?
I'(a)

G, (ci; A) = Gr(c; 1) = [zn: () an— (386
r=0

Example: Suppose all parameters are constant for a p-independent-variate gamma

distribution;n = 2,c = 1,4 = —u = —af then,

2 ['(a) I'(a)
G, (1; (- aﬁ))_lz + 2apA ()+ﬁ( @+ Dare )]
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= [(—ap)? + 2(—ap)(@p) + ala + D2 = [~(aB)? + (aB)? + ap?]?
- Gol1; (—ap)] = (apDP —— — — (3.87)

Thus, the second moment about the mean of p-dimensional independent

multivariate gamma random variable is the pt* power of the variance of their

univariate equivalents.

3.9 GENERALIZED MULTIVARIATE MOMENT GENERATING FUNCTION (GMMGF) OF

THE NORMAL DISTRIBUTION

A random variable, X, is said to have a univariate normal density if its density

function is of the form:

fX) Lo (3.88)
= e o —_—_—— = .
V2no
The joint density of independent normal variates, x{, x5, ...
1 _121{1 (Xi—ﬂi
f(xlerJ vy Xy xp) = D e 27 gy
(2m)20y ... 0y
Let
X1 Hq
X2 M2 of 0
. . 0O g2 ...
Xoxny =| . [ Boxy=| . [andZexp =| | 72
- \ - / 0 0.
Xp Hp
Then,
1 1 A
FOO = ——— e |- X - w'E X - @) - - - - (390)
(2m)z[Z|2

—0 <X <% >0
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The covariance matrix of the random vector, X, with correlated random variables is

given as
011 012 - Ulp
Y — 031 Opp ... O-Zp
O-pl O-pz O-pp

By substituting this in Equation 3.90, it becomes the multivariate density function
of the random vector of p —correlated random variables. (Ogum 2002; Onyeagu

2003; Johnson and Wichern 1992)
Thus X~N,(u, X).

From Equation 3.72,

n

G, (c;2) = E(XC + )" = Z (") arrExe)

r=0
where
E(X) = jX”f(X)pr
. cr
~ E(X) = j - exp [——(X W'z i(x - u)] X,
e (27T)2I22I2
- - xl ﬂt
E(X) = j j [ 2 ]dxl .dx,
e (27T)ZIEI2
Let
2 1 1 1
Xi = Hy 7 _XiT Wi dxl
=v; DU = +0\/_v \/_0
( oiV2 ) l ' o2 T iV
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dxi = \/7 V;
Hence,
OO - INT 1ap (i)
E(X") = —( ) | |1 J j-(,ui+ai\/§vi2> e 22 (% )dxl . dx,
2m)2|2|2 2 o
2p co [e0] 1 cr _1 p Xi— Ui 2
=ﬁj f (,Lli+0'i\/§vi2> e 221=1( g )dxl dxp
(2m)z[X]2 0
But,
1\ CT cr t
5 n
(v o2st) = ()i 2otvo)’
t=0
Now,
cr (€T r=top(9p 2 % oo © —%
E XCT' t= ( )‘Lll ( O- ) Z lv d d
(X) v2e v, ... d,
(27T)7|Z|2 0 0
) (Cr)l‘zr t2p(2p0.2)2 ([ S43)-1 o
E(X) = —Ej f”iz 2 e imaVidy, .. d,
(27T)2|Z|2 225 %
cr (CT) CT—tzp ZpZ %Z% p
3z () wertr ez e 1
- b p 1 r(G+3)]
(2m)2.22|X|2
t
Séo ()Tt @PDE L oy
R e
- 2 2
Hence,
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1

. p
cr-t(2rx)z [F (% + 7)] - ——==(3.91)

=

L Go(c ) = =0 (Trl) e (Ctr)

T

NS

As with Equation 3.24, Equation 3.91 is evaluated at even number values of t. That

is, wheret =0, 2,4, ...
Examples:

Forc=1,n=1,r=01landt=0

1 r (7Y, r-t % t 1 P
61(1;2)22(1 [ o ()t @e2 r (34 5)] ]

1-0
0)? )
r=0 77:2
CG LA =A+p ————(3.92)

Suppose A = —p, the first moment of X1 = X about u is obtained as
G (L,—p)=—-p+p=0
as expected.

Forc=1,n=2,r=0,1,2andt = 0,2; then

2 r (T yr—teomsye [ (E 4 DY
GZ(l;A)Z;(z)AZ_r o () 1 (Zn;) r(z+3)
fr=0t=0
RIS
r=1t=0

88



(rG+3))
()i () s

NS

Forr=2;t=0,2

=pu'p+X
WGy (LA =22 4+22u+p?> +E2=22+22u+ 22+ ——— (3.93)
Now, let A = —pu; hence the second moment of X! = X about the mean, y, is

2(L—w) = (—w)? +2(—w(W) + P>+ =2p* - 2p* + X

That is the variance-covariance matrix as expected.
Also, G5(1; A) is obtained from Equation 3.91 as follows:
n=3r=01273t=0,2

Now, wherer = 0
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p
()2 |t
2

wherer =2;t=0,2

2 I\PP
(;) 132 ((2)) ”Z—O(sz)g + (2) ”2—2(2;}2)% [F (7 + 7)] — 3242 + 3%

S |=|
INTES IS

wherer =3;t=0,2

(3) 20 (3) ”3_0(2192)% [F (g M %)] + (3) M3_2(2p2)§ [F (% M %)]p

3 0 ng 2 n%
3 p
_ 3 D [F (7)] _ 3
= pw’ +3u(2PL)—5—=p> +3uX
T2
WGy (1;A) =23+ 32%u+ 3Au?% + 322 + ud + 3uX — — — — (3.95)

Now, let A = —pu. Thus,
G;(L—w) = (=) +3(—p)’pu + 3(—p)u® + 3(~WI + p’ + 3u=
2 Gy(L—p) = —(Wmp+3(wwp - 3@ wp—Ip+ @Wmp +32p = ((0)) - - (3.96)
In the same reasoning, G,(1; A) is obtained as follows:
n=4r=20,1,23,4t=0,2,4

wherer =0;t =0
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wherer = 1,t:0

(-

wherer = 2:t = 0,2

() ,

((5;) RO + (2) W2(2P5) (%)

= 4Ap3 + 1243

where r = 4; t = 0,2,4

|

p
* T2

* (4) ut*(2r5)2 I (%)q

31

p
= (uu')(up') + 6pp's + (2P)° (E-E)

= (up)(uu') + 6pp's + 3P%

91

(4) u4—0(2P2)g 4 (‘21) I"4_2(2p2)% (%>p

| |;)
(VST RENTIS

22p

= () (up') + 6pp'E + 7 3PE'E

P>

| |;]
NS EENJES



G,(1;2) = 2* + 423 + 62%u? + 61°% + 4243 + 12AuX + p* + 64> + 3P%?

Now, let A = —u; therefore, the fourth moment of X1 = X about its mean, y, is

obtained as

Gy (1;—p) = (up')(up') — 4(pp’) (pp') + 6(up’)(up') + 6pp’s — 4(pp’) (pp')
— 12pp'E + (pp') (up') + 6pp’E + 3PE'Z
=12upu's — 12uu’' + 3PX'L
“ Gl (1;—p) =3PT'E — — — —(3.98)

Using Equation 3.96 and Equation 3.94 in Equation 3.11, the skewness of the

distribution of X1 = X is obtained as

G:(1;—
SK(1) = 3( ”)3 = ((0))px1 ———— (399

[G2(1; —p)]2

Thus, it is observed that the ratio of the third moment of X! = X about its mean,

3\th . . .
U, to the (E) power of its second moment is its skewness which equals zero, 0.

This shows that the multivariate normal distribution is symmetric.

Using Equation 3.98 and Equation 3.94 in Equation 3.12, the kurtosis of the

distribution of X* = X is obtained as

Gi(1,—p) _3'%'%
[6.(-w ~ I

Ky(1) = =37 — —— — (3.100)

This may be interpreted as mesokurtic because the base is equal to 3 or because
the pt" root of K, (1) is equal to 3. It may equally be termed a p —variate

mesokurtic distribution.
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All conceivable moments of the Multivariate Normal Distribution including
situations where c is real can be obtained with the multivariate generalized

moment generating function (Equation 3.91).

The traditional moment generating function, which demands on more tedious

derivations, yields a skewness of zero and a kurtosis value of 3 as can be seen below

3.10 THE TRADITIONAL MULTIVARIATE NORMAL MOMENT GENERATING
FUNCTION

This section tends to review the notion of multivariate moment generating
function and specifically shows the derivation of the moment generating

function of a multivariate normal distribution.

As a prelude to the discussion of multivariate moment generating function,
Bulmer (1979) stated more generally that, where X = (X, ...,X,;)’, an n-

dimensional random vector, one uses t.x = t'X instead of t. X
“My(t) =E(ef¥) ————— - (3.101)

If X~N(u,02), then the moment generating function for the univariate case is

M (t) _ eut+%02t2
w(t) =
For the multivariate case, let

Xpx1~Ny (1, 2) and My (t) denote the moment generating function of X.

(00 oo

My (t) = E(etX) = ff

ot/ X g3 (X-1'E (X -p))

—— dX; ..dX, (3.102)
(2m)2|Z|2

(Onyeagu, 2003).
Considering the numerator,
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ot'X g S X-W) (A=)} _ ,—5((X-)' T (X -p)-2t'X)

Now, considering the exponent,
X-wItX—w-2t'X
=X XX ly—py X+ sy - 2t'X
=X'ETX -2(u+Z)TIX +u's

=XI X -2+ Zt)T X+ (u+Z) TN u+ )+ p'2
—(+Z)'Z Y+ 2t

=X—-pu—=-X)T X —-—pu—-3t)— Qt'u+t'xt)

1 - 1 1 -
o e 2 X-WET - 2t'X) _ T uagt'St (X2 BT (X —p-ID)}

oo

© Lx-p-zty s (x-pu-s6)

1,1 e 2
o My(t) = et #Hat >t jj
—00 —00

—— dX, ..dX,
(2m)z|Z|2

ro 1
= My(t) = et #1285 — — — _ (3.103)

The nt® moment of the multivariate normal random variable, X, is obtained by
taking the n‘* derivative of My(t), equation 3.103, and evaluating at t = 0
(Onyeagu, 2003).

Now,

dMy (t)

! 1 !
dt — (# + t,Z)et H+§t Xt

Thus, the first moment about zero is obtained as

dMx(t)
dt

=EX)=p ————(104)
t=0

Also,
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d*M,(t) _y t,w%t,m
T

! 1 !
+ (u+3t) (u+St)et #Hat

Thus, the second moment about zero can be obtained as

d*My(t)

e =p'u+r ———— (105)

t=0

Hence the variance of the multivariate normal random variable and its

probability density function is obtained using Equations 105 and 104 as follows:
Var(X) =EX*) - [EX)]P =p'u+2—p'u
~Var(X) =2

d3M, (t d 1,1

! 1 !
+ (u+3t) (u+ St)et 2t EY
l 1., I} 1,
= (u+T)Te 2 L Q'S + 23'5t)et Hr2t M

! 1 !/
+ (W p 4 20Tt 4+ ('St (u + t'D)et Hrat

=[Zu+ZTt+2u' T+ 20T+ (Wwp + p'uZt + 2u'Stu + 2u' (Zt)'Lt

It

rutit!
+ (Zt)'Zt + (Ct)'Tt(Tt)]et gt
Thus, the third moment about is

d>My(t)

e = 2Zp+ (up)p + Zu = 3xp + (upuHu — — — — (106)

t=0

Hence the skewness of the distribution can be obtained using a combination of

Equations 104, 105 and 106 as

. 3Zp+ (uuu — 3(up" + Du + 2(uu" )

3
(up — p'p)2
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_ 3% (uu)p — 3(up ) — 3%+ 2(up)u

3
(2 — p'p)2
0
- 3
(py — 1'1)2
wsk=0————(107)

This implies that the Multivariate Distribution is symmetric.
Also,

d4MX(t) d I} I 1 I l !
T=a[2u+2Zt+2,uZ+2(Zt)Z+(,u,u),u+uu2t+2,u2t,u

1o 1
+ 20/ (Zt)'St + (Bt)'St + (St)'Tt(St)]e’ #Hat >

I 1, I} 1,
= (Z'D)e" #2E I 4 (Z'u + 2t (u + Zt) 4 (2T'T)et #r2t Rt
+ QZu+ 22T+ 2't)

o1
+ QuU'Su+ 28" tE 4+ WEp + 4SS + 3Tt/ StT)et A2t I 4

d* My (t)

T = 32T+ 6pup'E + (uu") (up') — — — — (3.108)

t=0

Hence the kurtosis of the distribution can be obtained using a combination of

Equations (3.104), (3.105), (3.106), (3.107) and (3.108) as

ku

O 3EE+ opup'E + (uu)(uu') — 4B u+ (up )pwp’ + 6(up'p + p)p’ — 3(up") (up')
B (2 + p'w)?

3T+ 6up'E + (uu)(uu') — 12up'E — 4Quu") (up') + 6(uu’) (up') + 6up’E — 3(up') (up')
(12 + p'p)?

3%
>
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“ku=3-———(3.109)

This also implies that the Multivariate Normal Distribution is leptokurtic but
this method does not give any account of the number of variables in the

analysis.

Higher moments and other parameters of the multivariate normal distribution
that depend on them can be obtained with this method. However, evaluating
moments about the mean (central moments) using the relationships between
moments about zero (crude moments) and taking nt" derivative become more

difficult as n gets higher.

3.11 GENERALIZED MULTIVARIATE MOMENT GENERATING FUNCTION
(GMMGF) FOR DIRRICHLET (MULTIVARIATE BETA) DISTRIBUTION

The Dirrichlet distribution, often denoted Dir(a), is a family of continuous
multivariate probability distributions parameterized by a vector a of positive
reals. It is a multivariate generalization of the beta distribution (kotz et al,

2000).

The density function of the Dirichlet distribution is given as

k
_ 1 a;i—1
FO, X)) = Wl;[xi (3.110)
where
k .
B(a) = —=2 Ma) and a = (ay, ..., ay)

F(Zéll “i)
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For k>2 number of -categories (integers), «q,..,Q; concentration

parameters, where a; > 0 with support variables: x,...,x; € (0,1) and

r
a f(xg o xy) = (Z TG )1_[ Xt (3.111)

Using equation (3.111) in (3.72)

E(i) = rl(zgf 1_[ [ dx

Vi arter-1
]1:[({‘ T(a) j 1_[ %

M(XE, o) [T, Ty + cr)

~E(XE) = 3.112
(%) [T, T(a a) T(TE, a; + cr) ( )
Hence,
n
r(Ck o) M, T(e; +
G, (c; D) =Z(") q-r Lz @) iz Tai + er) (3.113)
o r H 1 T(ey) F(Zl 1al+cr)
Now, letn =1,c=1andr =0,1
r(xx K T(a; + :
62 = 14 LGl M ten) ) a
[T, I'(a) F(Zl L +cr) kL a
Suppose A = —
a;
G1(L,—u)=—p+ =0
i=1 &i

(First moment about the mean)
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Hence,

E(X) = (3.114)

l 1al

Supposen =2;r =0,1,2;c=1and A = from Equation (3.113)

k
lel

2

N 2\ 1o Ty @) [T Tay + 1)
G(1;4) = 2 (r) a [N, Ta)T(Ee a; +71)

i=1

(2) AZ_O F(Z{;l ai) Hi'{=1 F(ai) — AZ
0 [T, Ma) T(Zh, @)

(2) 22 M(Ziy @) sy Tla +1) ZAF(Z a;) oI, Ma)
1 M, T@)T(EE,a +1) M, M@)o, T(CE, o)

a;
=21

11“1

F(Z a;) [T, Te; + 2)
()7
l 1% F(Zl 1C¥l+2)
= F(Z @i )(ai + 1) (a) TTi, T(ay)
15, () (zl Lo+ 1) (2, a)T(2k, ;)

B (a; + D () [T, T(ay) (a; + D(ap)
- H 1 T(ay) (Zl 1@+ 1)(2 a; ) (Zz 1@+ 1)(25'(:1 “i)

(a; + D(ay)
z 1% (Zl 1t 1)(25';1 ai)

“Gy(1; ) =22 422 (3.115)
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Thus the second central moment; that is, A = ,:ai becomes

G, (1:1) = al al N a;(a; + 1)
T w)? (Z{-‘:lai)z T a) (T + 1)

_ai(ai+1)(2 ) —af (T + 1)
(Bl )’ (Bl i + 1)

“i[(Zi‘cﬂ a; )(“1 +1) —a (Zl 19 + 1)]
(Bl )’ (Bl i+ 1)

_ a; [al i= 1“1+Zl 1 & — Zl 1% — ]

(Z§=1 OCi) (Zl 1 a; + 1)

a; (Zl 1 & — “i)
) (Zz 1@+ 1)

G,(1;A) =Var(X;) =

lll

Let ¥¥ . a; = ap. Thus,

Varx,) = & o= ) 3.116
() = T 1) (3116)
Now, forn =3; ¢ = 1;r = 0,1,2,3; we have
r=20
( ))L3 0 M(XF @) T Ta) _ 3
0 [T, T(ay) F(Z{le “i)
r=1
( ),13 JTEL a) T T(a + 1) 252 r(xe, a) al [T, T(ey)
1 H F(al) F(Zl 1 i + 1) {( 1 29 l 1 24 F(Z i)
— 3).2 ai
z 1 @i
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(3) a2 r(ei, a) M, T(a; + 2)
2 [Mi F(a)r(zl 1“1"’2)

(i, a) a;(a; + DT, T(e)

= 31
[T T(e) (X a) (B, @i + DI(ZE, ;)
r=23
( )/13 LTy o) Ty Ty + 3)
3 [T, () F(Zl L+ 3)
_ICE i a) a;(a; + 1) (a; + 2) [TE, T(@)
- [T, Tay) (Z a; )(Zl 1@+ 1)(21 1@+ Z)F(Zi'{:l a'i)
B a;(a; + 1)(a; + 2)
(Z a; )(Zl 1@+ 1)(21 1@+ 2)
2 G3(1L;A) = 23 + 322 “i + 321 (e +1)
) S S M L ) e + D)
a;(a; + 1)(a; +2)
3.117
L Cma t DEmat2) )
Now, let 4 = . Hence to obtain the third central moment of the Dirrichlet

z{‘ 1
distribution we have;

—dd 2

N i i
G3(1;2) = o +3 S T
a; ai (a; +1)
1 D 1“1(21 1“1"‘1)
a;(a; + 1)(a; +2)

L a) L et )L @t 2)

a;

-3
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_ai3 ai3 aiz (a; +1)
= z+3 z— 3
(Zi'(:1 “i) (Zf:l ai) (Z a; ) (Zl 10+ 1)
ai (a? +3a; +2)
l 1 a; (Zl 1 4] + 1)(21 1 a; + 2)

+

20} (T + 1) (B a + 2) = 3a(af — af) + (B, ai)z(af‘ + 3a? + 2a;)
(Zz——1 @; ) (Zz 1t 1)(21 1%+ 2)

B (2ad ¥ ai+2a) (T i +2)—3a? Y5 0 —3a? Y i + (T, ai)z(af’ + 3a? + 2a;)
(Z a) (Zl 1al+1)(zl 1al+2)

_3a Zl 1051(21 1ocl+1)+a [(Z 1a) +4]—3a Z 1cz(l Zl 1a)+2a(2 10:)
(Z a) (Zl 1“l+1)(zz 1“1"‘2)

- G (1 4 )
o 3 ;—
i‘c=1“i

_3aiag(ag + 1) + o (ag +4) — 3afag (1 — ap) + 2a;a3
B ad(ag + 1) (ag + 2)

(3.118)

Hence skewness can be determined as

3
B3alag(ag + 1) + a(ag + 4) — 3atay(1 — ay) + 2a; ao as(ag+1)2

(ao + D (ap + 2) is(a,o _ “i)%

Sk(1) =

- Sk(1)

3
_3aiag(ag + 1) + o (ag +4) — 3afag(1— ) + 2e;a5 (g +1)2

3.2 3 3 3
(ocl- ag + 3a;ay + Zai) (ag — ;)2

(3.119)

Hence the Dirrichlet distribution is positively skewed since a; > 0; V i.
Now, letn=4;c=1;r=0,1,2,3,4

r=0
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(4) 240 F(Xi, ) [T, Tay) _
0 M T(@)T(TE, o)

r=1

(4) 21 FE ) i e+ o TELe)  a [l @)
U™ M T@) T2, a; + 1) [T M) (B, @) T, @)

Hence, for r = 1 we have

(4) 24-1 F(Z{;l “i) . [T, Ta; + 1) YPE Qi
1 H?:1 F(“i) F(zi_c:1 a; + 1) (2?21 ai)

(4) = 1 [(Zis @) MM e +2)
M, T(@) T(T, a; +2)
_ o fEE @) a;(a; + DI (a;)
[T T (@) (B @) (B, @i + DI(ZE, @)

a; (C(l' + 1)

= AZ
° (Z?:l ai) (Z{'(:l a; + 1)

(4) /14_3 F(Zf:l ai) H{'(=1 F(C(i + 3)
3 H;C=1 F(ai) F(Zi'{:1 a; + 3)

_ 4y [EE @) a;(a; + 1)(a; + 2) TTE, (@)
- Hi'(:l I (a;) (Z?ﬂ ai)(zi'(ﬂ a; + 1)(21'(:1 a; + Z)F(Z?n “i)

— 4y a; (ai + 1)(al- + 2)
(Zi'(=1 “i) (Zi'(=1 a; + 1)(2?:1 a; + 2)

ﬁ
Il
N
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(4) py MY, ) [T, T +4)
4 [T, T(ay) I‘(Zl L + 4)

TR @) a;(a; + D (a; + 2) (e + 3) [T, T(ay)
[T T () (B a) (i @ + 1)(Zhe, @i + 2)(The, a; + 3)T(T, ;)

B a;(a; + 1)(a; + 2)(a; + 3)
(Blia)Ch o+ 1) (B a +2) (T, i + 3)

Hence,

a; a;(a; +1)
G,(L; ) = A* + 423 ———— + 612
* s (B @)X, 0 + 1)

Al a;(a; + D(a; +2)
(s @) (B o + 1)(Zi, @i +2)
N ai(a; + D(a; + 2)(a; + 3)
(Zir ) (Zisy i + 1)(Bisy @i+ 2) (Vi @ + 3)

(3.120)

Now, let A = ,:a‘a . Hence the fourth central moment becomes
i=1%i
G =% a; a;
4 ) 3
(Z ) (Z§=1 “i) (Z{;l “i)
al a;(a; +1
+6 — (o +1)
(Z{'(=1 “i) (Z a; )(Zl 10+ 1)
“i a;(a; + 1) (a; + 2)

—4

i= 1“1(2 “)(Zz 1“1"‘1)(21 1“1"‘2)
N a;(a; + 1) (a; + 2)(a; + 3)
CLia)Clia+ 1) @ +2)(Z @i +3)

104



at a;} (a; + 1)
e Thw) ChatD)
4 z (a; + D (a; +2)
(B, o)’ (B + 1) (2 i +2)
N a;(a; + ) (a; + 2)(a; + 3)
)l i+ 1)k a+2)(Z, a; +3)

a

a; {60.’ Zk1a1+6a’ Zklal_ga Zl 1051_30:1'3
f 1 Qi (Zi=1 “i) (Zi:1 a; + 1)
(B, @) (6 - 3a? — 6a? — 21a;) — 122 (a; - 4)}

’ (Z a)(zl 1051+1)(Zl 1051+2)(Zl 1“1"‘3)

S Ga(1; 1)
a; {(Zl @i +2)Z a +3)Bad T a + 60 T a; — 3ad)
JpXETY (Zi “) Clia+1) (B 0 +2)(Z, @i +3)

(Z L a) 2k a; (6 —3ad — 6a? — 21a;)] — 12a%(a; +4)}
(ZL “) (Clia+1)(Z a0 +2)(B, a; +3)

S G(LA)

(@ + 2)(ap + 3)(3a7 ap + 6af ay — 3a})
as(ag + D) (ay + 2)(ag + 3)

ailay(6 — 3a} — 6a? — 21a;)] — 12a?(a; + 4)

ay(ag + 1) (ag + 2)(ap + 3)

do

(3.121)

Hence the kurtosis of the distribution may be obtained as
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(g +2)(ao + 3)(Bata, + 6ata, —3a?)
ku(1) = { a2 (ag + D) (a + 2)(ag + 3)
ailay(6 — 3a3 — 60 — 21a,)] — 12a?(a; + 4) (ap + 1)?
(ap + D(ap + 2)(ap + 3) } a;(ay — ag)?
s ku(1)

_ 6atag +3a}af + 18a}ay + 39afay + 24a5 + 15a5 — 66aad + 3ag
B (i + 6a? + 11a, + 6)

(ag + 1)2
a;(ay — a;)?

(3.122)
The value of ku(1) is positive and may be less than, equal to or greater than 3
depending on the valuesof a;Vi = 1,2, ...,k where a, = Z{-;l a;.

To illustrate the practical application and consistency of the functions
developed and presented in this chapter, they shall be used to analyze

numerical data in the next chapter.
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CHAPTER FOUR

PRESENTATION AND ANALYSIS OF DATA

4.1 PRESENTATION OF DATA
The Data for illustration of the application and consistency of the developed

methods are presented as follows:
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Table 4.1: P =3 - Variate Multivariate Gamma Distribution
with Shape Parameter = 2 and Scale Parameter =3

Serial No
1

O 00 NOULL D WN

W WWWWWwNNNNNNNNNNRRERRRERRRRRRR
RN WNPODOONAANUODNWNPROWOOONOOODNWNRO

6.3848
15.8473
1.5872
0.6203
2.632
7.1946
5.3607
3.4233
6.775
3.727
13.3058
7.9797
8.5766
6.5292
10.461
4.7776
8.8577
12.3543
12.0012
9.2999
11.3636
2.3759
5.0573
4.3035
2.604
6.777
3.7905
4.1491
2.6876
1.7262
4.8571
2.5318
14.2059
4.7154
5.6329

13.4597
1.7828
5.4326
4.4363

10.9161
6.8832

15.3467
3.2901

10.6918
1.6152
5.0971
3.7563
8.8345

6.911
0.3759
2.1998

4.453
3.0492
2.9735
6.9735
6.6637
8.7596
8.2106
6.6792
9.0652
3.2669

22.3057
6.0776
3.7828
1.1808
8.5815
4.9717
2.4589
12.4749
10.7214
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3.9665
9.373
2.1957
0.8513
2.9904
7.0914
3.4509
3.225
0.3861
2.657
4.8853
6.8347
8.2838
2.5925
3.51
8.0186
3.42
4.0527
17.6135
17.3728
9.1995
3.5722
6.324
2.6099
3.8959
3.8998
10.7298
5.2878
6.7316
9.5079
2.2269
5.3598
2.4659
10.3825
2.4159



TABLE 4.2: SCORES OF FIFTY-THREE DIPLOMA LAW STUDENTS OF THE DELTA STATE
UNIVERSITY, OLEH CAMPUS IN THREE COURSES

Serial No X1 X2 X3 Serial No X1 X3 X3
1 60 63 71 34 82 72 80
2 60 52 62 35 80 82 74
3 55 62 40 36 92 80 96
4 a4 41 63 37 30 25 20
5 46 62 44 38 37 92 94
6 45 64 56 39 38 90 20
7 63 61 63 40 94 95 93
8 54 50 40 41 10 20 26
9 52 53 52 42 50 64 70
10 56 55 46 43 72 60 54
11 75 64 74 44 70 62 56
12 54 52 51 45 75 72 52
13 72 55 42 46 55 50 54
14 44 43 40 47 60 53 71
15 43 54 51 48 60 52 52
16 42 62 42 49 55 62 40
17 53 52 50 50 44 41 63
18 55 52 50 51 56 62 44
19 50 52 64 52 45 64 56
20 60 55 65 53 63 61 63
21 55 50 54
22 75 72 52
23 70 62 56
24 72 60 54
25 50 64 60
26 80 82 74
27 82 72 80
28 74 80 82
29 62 50 72
30 50 74 65
31 50 74 65
32 62 50 72
33 74 80 82
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TABLE 4.3: PROPORTIONAL SCORES OF STUDENTS OF THE DELTA STATE
UNIVERSITY, OLEH CAMPUS IN THREE COURSES

Serial No X1 Xy X3 Serial No X1 X5 X3
1 0.309278 0.324742 0.365979 34 0.350427 0.307692 0.34188
2 0.344828 0.298851 0.356322 35 0.338983 0.347458 0.313559
3 0.350318 0.394904 0.254777 36 0.343284 0.298507 0.358209
4 0.297297 0.277027 0.425676 37 0.4 0.333333 0.266667
5 0.302632 0.407895 0.289474 38 0.165919 0.412556 0.421525
6 0.272727 0.387879 0.339394 39 0.256757 0.608108 0.135135
7 0.336898 0.326203 0.336898 40 0.333333 0.336879 0.329787
8 0.375  0.347222 0.277778 41 0.178571 0.357143 0.464286
9 0.33121 0.33758 0.33121 42 0.271739 0.347826 0.380435
10 0.356688 0.350318 0.292994 43 0.387097 0.322581 0.290323
11 0.352113 0.300469 0.347418 44 0.37234 0.329787 0.297872
12 0.343949 0.33121 0.324841 45 0.376884 0.361809 0.261307
13 0.426036 0.325444 0.248521 46 0.345912 0.314465 0.339623
14 0.346457 0.338583 0.314961 47 0.326087 0.288043 0.38587
15 0.290541 0.364865 0.344595 48 0.365854 0.317073 0.317073
16 0.287671 0.424658 0.287671 49 0.350318 0.394904 0.254777
17 0.341935 0.335484 0.322581 50 0.297297 0.277027 0.425676
18 0.350318 0.33121 0.318471 51 0.345679 0.382716 0.271605
19 0.301205 0.313253 0.385542 52 0.272727 0.387879 0.339394
20 0.333333 0.305556 0.361111 53 0.336898 0.326203 0.336898

21 0.345912 0.314465 0.339623
22 0.376884 0.361809 0.261307
23 0.37234 0.329787 0.297872
24 0.387097 0.322581 0.290323
25 0.287356 0.367816 0.344828
26 0.338983 0.347458 0.313559
27 0.350427 0.307692 0.34188

28 0.313559 0.338983 0.347458
29 0.336957 0.271739 0.391304
30 0.350427 0.391534 0.343915
31 0.26455 0.391534 0.343915
32 0.336957 0.271739 0.391304
33 0.313559 0.338983 0.347458

The data above follows the Dirrichlet Distribution and may be assigned the
parameters, a; = 2Vi=1,2,3; Z;?’zl a;=6and a; =1.2,1.3,14;i=1,2,3,

respectively; Y7, a; = 3.9.
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4.2 DATA ANALYSIS
4.2.1 The Multivariate Gamma Family of Distributions

The shape parameter, «, scale parameter, 5, and scale matrix, X, of the data in

Table 4.1 for the Multivariate Gamma distribution are respectively

15.4116 —4.9758 4.7261
a=2,f=3and X = (—4.9758 20.9363  0.2525 >
47261 0.2525 16.3018

Using Equation 3.79a,
G,(1; ) = 1+ aBPX

X Gl(]‘; ),) = ),

154116 —4.9758 4.7261
+ 2% 3P| —49758 20.9363 0.2525 )
47261 0.2525 16.3018

(4.1)
Now, using Equation 3.79c where p = 3 yields

15.4116 —4.9758 4.7261
A=2+%3 (—4.9758 20.9363 0.2525 ) * (—3%) (4.2)
47261 0.2525 16.3018

Thus, the mean of the distribution is the coefficient of 32 therefore,

—4.9758 209363 0.2525
47261 0.2525 16.3018

154116 —4.9758 4.7261
u=6< > (4.3)

In the same way, using Equation 3.79d for the Wishart distribution, that is, the

distribution of X

154116 —4.9758 4.7261
) (4.4)

A=22xn*xX=2%2%53% (—4.9758 20.9363  0.2525
4.7261 0.2525 16.3018

Hence, the mean of the distribution is the coefficient of 22 which is
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—4.9758 209363 0.2525
47261 0.2525 16.3018

154116 —4.9758 4.7261
U =053 ( > (4.5)

This shows that we have a p = 3 —variate Wishart distribution with mean given

in Equation 4.5.
4.2.2 The Normal Distribution

The estimates of the mean vector, X, and the covariance matrix, S, in Table 4.2

are

_ 58.62 247.201 130.019 161.026
X= (61.00) X= (130.019 216.923 137.385>

58.72 161.026 137.385 282.861

A
Now, we represent A = (/12>
A3

Applying Equation 3.92,

B 58.62
whered = —u=-X=— 61.00)

58.72

58.62 M
~G.(1; 2) = (61.00) — </12>
58.72 A

58.62 58.62 0
G,(1; —p) = (61.00) - <61.00) = (o)
58.72 58.72 0

“G(1; —) =0 (4.6)

As expected, the first moment of the p = 3-variate normal distribution about

its mean equals zero.
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Now, evaluating Equation 3.91 at n = 2 and ¢ = 1 yields Equation 3.93. That is,
G,(1; ) =AA" + 220" + 22" + X
where A = —u we have
G(L —p) = (W(=w' + 2=’ + (W (-p)' +X

—58.62

where (—u)(—p)' = (—61.00) (-58.62 —61.00 -58.72)
—58.72

3575.82 3721 3581.92

(3438.3044 3575.82 3442.1664)
3442.1664 3581.92 3448.0384

2 G(1; —p) =2pp’ —2pp’ + X

3575.82 3721 3581.92
3442.1664 3581.92 3448.0384

(3438.3044 3575.82 3442.1664>
-2

(3438.3044 3575.82 3442.1664)
=2

3575.82 3721 3581.92
3442.1664 358192 3448.0384

247.201 130.019 161.026
+ (130.019 216.923 137.385)
161.026 137.385 282.861

Hence,

247.201 130.019 161.026
) (4.7)

G,(1; —p) = (130.019 216.923 137.385
161.026 137.385 282.861

Therefore the second moment of the p = 3 —variate normal distribution is its

covariance matrix as expected.
Also, evaluating Equation 3.91 atn = 3 and ¢ = 1 yields 3.95. That is,

G:(L; 1) = (A4 + 3(Au)A + 3(up)A + 324 + (up)u + 324
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At A = —pu, Equation 3.95 becomes

G;(1; —) = [(—w)(—u)](—w) + 3[(—wu'1(—w) + 3(up’) (—p) + 3Z(—p)
+ (uu')p + 3zp

=4(uu)p — 4(uu')p + 3xp — 3xp

- G3(1; —p)

3575.82 3721 3581.92 61.00
3442.1664 3581.92 3448.0384/ \58.72

(3438.3044 3575.82 3442.1664)(58.62)
4

—4

3438.3044 3575.82 3442.1664\ /58.62
3575.82 3721 3581.92 ) 61.00

3442.1664 3581.92 3448.0384/ \58.72

247.201 130.019 161.026\ /58.62
130.019 216.923 137.385 ]| 61.00
161.026 137.385 282.861/ \58.72

247.201 130.019 161.026\ /58.62 0
—3(130.019 216.923 137.385)(61.00>=<0) (4.8)

161.026 137.385 282.861/ \58.72 0

+3

Also, evaluating Equation 3.91 at n = 4 and ¢ = 1 gives Equation 3.97. That is,

G,(1; ) = (A1)(AA) + 4(AA)(Au') + 6(AA)(uu') + 6(A1")X
+4(Au)(up') + 12(Ap)X + (uu') (pu') + 6(up' )X + 3PL'E

Let A = —u then Equation 3.97 becomes

Go(1; —p) = (uu')(up') — 4(pp") (pp') + 6(pp’) (up') + 6(uu')X
—4(pp')(pp') — 12(pp' )X + (pp') (pp') + 6(pp')X + 3PL'E

=12upu'E — 12up’'s + 3PX'%
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Gy (1; —p)

3438.3044 3575.82 3442.1664
=12| 3575.82 3721 3581.92
3442.1664 3581.92 3448.0384

3438.3044 3575.82 3442.1664
— 12| 3575.82 3721 3581.92
3442.1664 3581.92 3448.0384

247.201 130.019 161.026\ /247.201 130.019 161.026
+ 3P (130.019 216.923 137.385) (130.019 216.923 137.385)
161.026 137.385 282.861/ \161.026 137.385 282.861

103943 82467.5 103216
) (4.9)

G,(1; —,u)=3p(82467.5 82835.2 89599.0
103216 89599.0 124814

Now using Equation 3.99, the skewness of the distribution can be obtained as

G3(1; —p) 1 (0)
Sk(1) = = —0
16 (L —u)I% 1414 x 1010\
0
=~ Sk(1) = (o) = ((0))3X1 (4.10)
0

The Multivariate Normal Distribution under consideration is thusa p =

3 —variate symmetric distribution.

Applying Equations 4.4 and 4.2 in Equation 3.100 yields

103943 82467.5 103216
3P| 82467.5 82835.2 89599.0
G,(1;—w) 103216 89599.0 124814

Ku(1)=[62(1;_#)]z= (103943 82467.5 103216)

82467.5 82835.2 89599.0
103216 89599.0 124814

- Ku(1) = 3° (4.11)
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This implies that the distribution under consideration is a p = 3 —variate

Mesokurtic distribution.

4.2.3 The Dirrichlet Distribution (Multivariate Extension of the Beta Family of

Distributions)

The data in Table 4.3 represent a symmetric Dirrichlet Distribution with
parametersa; = 2,Vi=1,2,3; ap =6
The mean of the it random variable is obtained from Equation 3.114 as

a;
EX)) =c5—

i=1 %i

2
6
~ E(X;) = 0.3333 (4.12)
Hence the mean vector becomes
B 0.3333
EX)=X= (0.3333)
0.3333

The Skewness of the distribution may be obtained with Equation 3.119 as

3
3aiay(ay + 1) + i (ag + 4) —3atay(1 — ;) + 2a;a8 (ag + 1)2

3,2 3 3 3
a’as + 3a’ay + 2a; 2
(a7 £ 0 (ag — ;)2

sk;(1) =

_3296(6+ 1) +236+4) - 3(2)6(1-2) + 26> (6+ 1)z
B (23 % 62 +3(2%)6 + 2(2)) 6_ 2

3
_3*8*6*7+8*10+3*4*6+4*36 72

(8¥32+3+8+6+2+8) *4;
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1008 +80+72+144 185208 1304 18.5208

X X
256 + 144 + 16 8 416 8

163 x 185208 3018.89
B 416 416

~ sk; = 7.2569 (4.13)
Thus the skewness vector becomes
7.2569
sk(1) = (7.2569)
7.2569

Hence the symmetric Dirrichlet Distribution in Table 4.3 is p = 3 positively

skewed distribution.

Kurtosis of the Dirrichlet Distribution in Table 4.3 may be obtained with

Equation 3.122 as

ku; (1)

B 6a’ad +3a’ai + 18a’ay + 39ala, + 24ad + 15a — 66a’a? + 3ag
B (ad + 6a2 + 11a, + 6)

(ap + 1)2
a;(ay — a;)?

_ 6.4.6% +3.8.6% + 18.8.6 + 39.4.6 + 24.8 + 15.16 — 66.4.6% + 3.6°
B (63+6.62+11.6 + 6)

(6 + 1)?
X206 —2)2

864+ 144 + 144 + 156 + 32 + 40 — 1584 + 3888 ><49
B 84 32

3684 49 180516

84 32 2688

« ku;(1) = 67.15625 (4.14)
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Thus the kurtosis vector becomes
67.1562 5>

ku(l) = (67.15625
67.15625

Hence the a; = 2,V i = 1, 2, 3 symmetric Dirrichlet Distribution in Table 4.3 is

a p = 3 platykurtic distribution.

The data on Table 4.4 represents p = 3-variate Dirrichlet Distribution with

parameters, a; = 1.2,1.3,1.4 fori = 1, 2, 3 respectively and a, = 3.9.

Applying Equation 3.114, the expected mean vector may be obtained as

— a;
EX)=X = (( 3 a))

_/1.2/39 0.3077
X = (1.3/3.9) = (0.3333)
1.4/3.9 0.3590

Skewness of the non-symmetric distribution may be obtained using Equation

3.119 as
k(1) 3aag(ayg + 1) + a(ag + 4) — 3aay(1 — a;) + 2a;a?
sk;(1) =
l (alad +3aia, + 2a})

3

(2o +1)2

X 3

(o — ;)2

~ sk,(1)

31233939+ 1) + 1.23(3.9 + 4) — 3(1.22)3.9(1 — 1.2) + 2(1.2)3.92
B (1.23(3.92) + 3(1.23)3.9 + 2(1.23))

3

(3.9+1)2

X 3
(3.9 - 1.2)2
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~99.06624 + 13.6512 + 3.3696 + 36.504 o 10.84661237
B 26.28288 + 20.2176 + 3.456 44366

_ 152, 59104 10.84661237  1655.095862
49, 95648 44366  221.6369192

« sky(1) = 7.4676

sk, (1)
3(13%)3.9(3.9+ 1) + 1.33(3.9 + 4) — 3(1.32)3.9(1 — 1.3) + 2(1.3)3.92
B (1.33(3.92) + 3(1.3%)3.9 + 2(1.3%))

(39+1)2
(39—13)2

_125.95401 + 17.3563 + 1.521 + 39.546 o 10.84661237
B 33.41637 + 25.7049 + 4.394 4.192374029

_184.37731 10.84661237  1999.869211
~ 63.51527 4192374029 266.2797684

« sky(1) = 7.5104

sk3(1)

_3(14)%3.93.9+ 1) + (1.4)3(3.9 + 4) — 3(1.4)?3.9(1 — 1.4) + 2(1.4)(3.9)*
B ((1.4)3(3.9)2 + 3(1.4)33.9 + 2(1.4)3)

(39+1)z
(39—14)2

_157.3152 4 21.6776 + 9.1728 + 42.588 N 10.84661237
B 41.73624 + 32.1048 + 54.88 3.952847075

_2502.87663
~ 508.8145865

« sk3(1) = 4.9190

Hence the skewness vector becomes
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7.4676
sk(1) = (7.5104)
49190

Kurtosis of the non-symmetric distribution in Table 4.4 may be obtained using

Equation 3.122 as

kui(l)

_6afag +3aiag + 18ajay + 39afay + 24a3 + 15a5 — 66a]ag + a3
- (aj + 6ai + 11a, + 6)

(ap + 1)?
a;(ay — a;)?

Thus,

ku,(1)
~ <6(1.2)2(3.9)3 +3(1.2)3(3.9)% + 18(1.2)33.9 + 39(1.2)23.9 + 24(3.9)3

((3.9)3 + 6(3.9)2 + 11(3.9) + 6)

15(3.9)* — 66(1.2)%(3.9)% + 3(3.9)° (3.9 + 1)?
((3.9)3 +6(3.9)2 +11(3.9) + 6) ) % 1.2(3.9 — 1.2)2

_ 170151.1741
"~ 1745.042292

. kuy (1) = 97.5055
Also,

ku, (1)
6(1.3)2(3.9)% + 3(1.3)3(3.9)% + 18(1.3)33.9 + 39(1.3)%3.9 + 24(3.9)3
( (3.93+6(3.9)2+11%3.9+6)
15(3.9)* — 66(1.3)?(3.9)%? + 3(3.9)° (3.9 + 1)
(3.93+6(3.9)2+11%3.9+6) ) % 1.3(3.9 — 1.3)?
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_ 7017.04224 y 24.01  168479.1842
" 199.479 8.788 1753.021452

« ku,(1) = 95.1079

Now,

kus (1)

_ (6(1.4)%(3.9)° + 3(1.4)%(3.9)* + 18(1.4)°3.9 + 39(1.4)?3.9 + 24(3.9)°
B ( (3.934+6(3.9)2+ 11 % 3.9 + 6)

15(3.9)* — 66(1.4)?(3.9)? + 3(3.9)° (3.9 + 1)?
(3.9° + 6(3.9)%2 + 1139 1 6) ) X 1439 — 1.4)

| 794652283 24.01
~ 7199479 <875

~ kus;(1) = 74.9358
Hence the kurtosis vector becomes
97.5055
ku(1l) ={95.1079
74.9358

This implies that the data on Table 4.4 is a p = 3-variate leptokurtic

distribution.

The results obtained in this chapter shall be presented in a concise form, used

to draw conclusions and make recommendations in next chapter.
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CHAPTER FIVE

SUMMARY, CONCLUSION AND RECOMMENDATIONS
5.1 SUMMARY OF RESULTS
The results obtained in this work are highlighted as follows: the univariate
generalized moment generating function as developed by Oyeka et al (2008 and
2010) for continuous random variable, X, with probability density function, f(x),

about an arbitrarily chosen, 2, is given as the expected value of the nt"* power of

X¢+ A, that is; gp(cA)=EX+1)"=Y", (Z) AMTTE(x ) f(x)dx =

n (Tl) n—r T'(a+p).I'(cr+a)

=0 equation 3.17, for the beta family of distributions; =

T I'(a).I(cr+a+pB)
n cr
T—o (c) AT W, equation 3.29, for the gamma family of distributions and;

= ;l:o( )/1" Ty (cr) cr= t(202)2 (; ;), equation 3.26, for the univariate
normal distribution; the bivariate generalized moment generating function about
zero as developed by Oyeka et al (2012) was proved to be obtained as the expected
value of the nt" power of X¢Y4, given as, g,(c,d) = u,(c,d) = E(XS, Y}, ¢ >
0,d>0n=0,1,2,..= ffooo ffooo(XC)n(Yd)"f(x, y)dx.dy; the  generalized
multivariate moment generating functions about a constant vector or matrix, 4,

E(X¢+ A)™, were developed and illustrated with the multivariate gamma, the

( )An r [T BPI Ty (a+cr)
Fp(a) ’

normal and dirrichlet distribution as; G,(c; 4) =

equation 3.78, for the multivariate gamma distribution; G,(c;4) =

cropcr n
( )ln r|2| 2 I“p(2+cr)
r 0

Op(3)

n-r p cr Dlai+cr) . . T
( r= O( )A ) i=1 P Tt , equation 3.84, for a case of the joint distribution

, equation 3.79, for the wishart distribution; =

cir; T(aj+ciry)

of p independent gamma distributions; = 12 ( ) A7 rl.B T(a)
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equation 3.85, for ¢,A,n and r varying among the independent distributions; =

[Z?: ( )/1" "B F(g:?) , equation 3.86, for a situation where ¢, A, 8, a and r are

constant among all the independent gamma distributions; G,(c;4) =

ot
i 0( )).n il (CT) Cr‘t(ZpZﬁ@, equation 3.91 for the multivariate

T2

Tl) AnT F(Z{';l “i) Hi'(=1 I'(ai+cr)

normal distribution and; G, (c; 1) = X7 O(r E, T(ap) T(2F arrer)

Equation

3.113 for the Dirrichlet Distribution (a multivariate extension of the Beta

Distribution).

5.2 CONCLUSIONS

Based on the results obtained in this work, the following conclusions may be drawn:
the generalized multivariate moment generating function was successfully
developed and found to be easier to apply than the traditional methods of
generating moments because no further calculus or any other modification is
required for its evaluation; it is more versatile than the traditional methods since it
could handle all integral and real powers as well as central and non-central moments
of random variables; it exists for all continuous probability distributions unlike its
competitors such as factorial moments generating functions and moments
generating functions which may not always exist and even if they exist, may be
tedious and cumbersome to evaluate in practical applications especially for higher
moments; results obtained using the generalized moment generating function are
the same as results obtained using other methods like moment generating function
where it exists; the kurtosis obtained from Multivariate Generalized Moment
Generating Function of Multivariate Normal Distribution (equation 4.100) gives

account of the number of variables included in the multivariate distribution and;
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5.3 CONTRIBUTION TO KNOWLEDGE

This research has made the following contributions to knowledge: it has
developed the generalized moment generating function (GMMGF) of
Multivariate Distributions; it developed the function for the Multivariate
Gamma Family, Multivariate Normal and the Dirrichlet Distributions; it has
shown the use of the function in generating moments of random
vectors/matrices and; it showed the advantages of the new method over

existing traditional/conventional methods.

5.4 RECOMMENDATIONS

The following recommendations may be made based on the conclusions drawn in
section 5.2:

1. application of the generalized moment generating function should be
preferred to the traditional methods due to their simplicity and versatility
of use in practical applications;

2. specifically, the Multivariate Generalized Moment Generating Function of
the Multivariate Normal Distribution should be preferred in the evaluation
of kurtosis of the distribution because it gives additional information about
the distribution and;

3. future studies should aim at developing the generalized moment

generating function for discrete probability distributions.
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